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ABSTRACT

The delta symbol circle method is applied to the problem of equidistribution of rational
points on shrinking sets of the 3-sphere. This leads to a correlation sum of Kloosterman
sums and an exponential function also known as the twisted Linnik-Selberg conjecture,
which is further analysed by means of the Kuznetsov trace formula. Furthermore, the
circle method in the guise of Wooley’s efficient congruencing machinery is employed in

an effective manner to obtain effective bounds on Vinogradov’s mean value theorem.
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but rather teach them to long for the endless immensity of the sea.
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INTRODUCTION

In this thesis, the interplay between automorphic forms and the Hardy-Littlewood circle
method is explored. Whilst these two subjects now appear to have little in common, this
was not always so. Just over a century ago, the circle method was born and first applied
to an automorphic form, namely, the Dedekind eta function, in the works of Hardy and
Ramanujan [HR18], who were interested in an asymptotic for the partition numbers.
They found that its generating series, which is related to the Dedekind eta function,
becomes large as the argument approached the unit circle at an angle ™" for rational
r with small denominator and is small otherwise. Thus, they concluded that the growth
of the partition numbers is dominated by the behaviour of the Dedekind eta function
at those rational numbers r. It proved useful that the Dedekind eta function satisfies
modular relations, being an automorphic form, which facilitated a simple description
of its behaviour at those rationals. In the 1920’s, Hardy and Littlewood started to apply
the same philosophy to other problems, such as Waring’s problem [HL20], with great
success. Nowadays, the circle method takes on many forms, with contributions having
been made by various authors; notably Vinogradov, who introduced his eponymous
mean value theorem [Vin3sb, Vin3sa], with far-reaching application to exponential sums.
This is further discussed in Chapter 5; in particular, in Section 5.3, where we shall prove
an effective Vinogradov mean value theorem based on new developments by Wooley
[Woo12].

The two subjects overlap further in the theory of quadratic forms. The connection
here is that the generating function is given by a theta function, which is in turn an auto-
morphic form. Furthermore, the exponential sums that crop up in connection with quad-
ratic forms, Kloosterman and Salié sums, are also of significance to both subjects. Origin-
ally, they were discovered by Poincaré as part of the Fourier coefficients of the Poincaré
series, yet another set of important automorphic forms, but only gained (at)traction after
they appeared in Kloosterman'’s refinement of the circle method. Shortly thereafter, they

were also used by Kloosterman [Klo27] to give bounds on the size of the Fourier coef-
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ficients of holomorphic forms. Today, optimal bounds on the size of the Fourier coeffi-
cients of holomorphic forms (of integral weight), as well as the size of Kloosterman sums,
are known from arithmetic geometry. Nonetheless, there remain many open questions
concerning Kloosterman sums. One of these questions is the Linnik-Selberg Conjecture
on sums of Kloosterman sums. The only non-trivial progress towards this conjecture
stems from Kuznetsov’s trace formula [Kuz8o], which we shall prove in great generality
in Section 3.10. In Chapter 4, we shall apply the Kuznetsov trace formula to a twisted ver-
sion of the Linnik-Selberg Conjecture on sums of Kloosterman sums, which resurfaces
in Chapter 6. The final part of this thesis concerns a problem about quadratic forms. Con-
cretely, we shall be looking at the solutions to the equation z? + x3 + 2% + 72 = N and
how fast their projections onto S equidistribute with respect to the Lebesgue measure
as N runs over the odd integers. This has far-reaching consequences to efficient quantum
computing on 1-qubits. We shall employ, compare, and contrast an automorphic and a

circle-method approach to this problem in Chapter 6.



NOTATION

The set of natural numbers is denoted by IN, which start at 1. If 0 is to be included
in this set it is denoted by IN. The set of integers is denoted by Z. The symbols Q, R
denote the set of rational numbers, respectively the set of real numbers. The subset of
(strictly) positive rational, respectively real, numbers is denoted by Q, respectively R™.
If 0 is to be included in these sets, then they are denote by Q(J{ , respectively ]R(J)r , which
now consist of all non-negative rational, respectively real, numbers. Closed intervals are
denoted by [a, b], open ones by ]a, b], and half-open ones by |[a, b], respectively |a, b]. The
characteristic function of an interval Z is denoted by 17. The set of complex numbers
is denoted by C. The letter s is usually used to denote a complex number. The real
part and the imaginary part of a complex number s are denoted by Re(s) and Im(s),
respectively. The complex conjugate of s is denoted by 3, the norm of s by |s| = /55,
and the argument of s # 0 by arg(s). The argument shall always denote its principal
value, i.e. —7 < arg(s) < 7. The subset of the complex numbers with positive imaginary
part is denoted by IH and is referred to as the upper half-plane. A complex number in
the upper half-plane is often denoted by z = z + iy, where = denotes the real part of z
and y its imaginary part. Vectors are emphasised using bold font, for example v, w, and
inner products are either denoted by (v, w) or by v - w.

The Mobius function is denoted by p. The divisor function is denoted by 7. The num-
ber of representations of n as a sum of m squares of integers is denoted by 7,,(n). The
Jacobi symbol is denoted by (). The prime in Z,a mod() indicates that the sum is re-
stricted to those a mod(c) with (a,c¢) = 1. The function exp(2miz) is usually abbreviated
to e(z) and sometimes e,(z) is used to denote e(é). For a non-zero complex number
s € C*, the logarithm log(s) denotes its principal value, i.e. log(s) = log(|s|) + i arg(s),
and exponentiating by another complex number w is defined as s = exp(w - log(s)).
The meromorphic extension of the Gamma function is denoted by I'(s). L,-norms are
denoted by || - ||, and || - || s, denotes the Sobolev L,-norm of order M. The integral f_(?;)

denotes a lock-hole-shaped contour integral also known as a Hankel contour, which
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starts at —oo, loops around 0 once in positive direction (anti-clockwise), and goes back
to —oo. It will often be the case for this type of integral that the logarithm takes its prin-
cipal value, except for the non-positive real axis, where it is two-valued in a continuous
manner.

We further adopt Landau’s big O notation and Vinogradov’s notations <, <. The
latter is used out of convenience of the notation, where f < g has the same meaning as
J =0(g) and f < g has the same meaning as f = O(g), i.e. f < g < f. Subscripts, such
as Oy p or <4 B, mean that the implied constant may depend on A and B. A subscript
of ¢, for example f <. z¢, however shall mean for every sufficiently small ¢ > 0 there
is a constant C, which may depend on ¢, such that we have |f| < Cz°. Occasionally, €
is used otherwise in which case we shall abuse some notation and write < 2°1), which

shall mean <, z¢ + ¢ (in the above mentioned sense).



AUTOMORPHIC FORMS

3.1 INTRODUCTION

The theory of automorphic forms finds its origins in elliptic functions and was general-
ised by F. Klein and others to a more abstract setting. Let X be a Riemannian manifold
and I' a group acting properly discontinuously on X. Then, a function that is invariant
under the action of I' and also an eigenfunction of all invariant differential operators on
X is called an automorphic function of I'\ X. More generally, one can allow for certain
multipliers, describing the way in which T acts on C*°(X,R). Here, we are concerned
with the special case X = SLy(R) / SO2(R). Maass [Maa49] discovered a connection
between the automorphic forms for this particular example and degree two L-functions
and henceforth they carry his name. Much of the theory we know today was worked out
by Maass [Maas2] and Selberg [Sel89]. The theory, which we summarise here, is mostly
based on Roelcke [Roe66], Iwaniec [Iwagy, Iwaoz], and Rankin [Ran77], and citations
are given whenever possible. However, in this thesis, we consider the subject in slightly
more generality and a reference is not always readily available. Due to some subtleties,
e.g. branches of logarithms, proofs are carried out in those cases, despite being of similar

nature to proofs in a more classical setting.

3.2 FUCHSIAN GROUPS OF THE FIRST KIND

The upper half-plane H may be identified as the quotient SL2(IR) / SO2(R) via the map

L

(2%) = (ai+b)(ci+d)~! with inverse given by = + iy — —= (¥ 7). This gives rise to a

VY
natural action of SLy(R) on H, which is given by
az+b u
VE=yE=E where v = (¢9) € SLy(R).
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This map is also known as a Mobius transformation. This action can be further extended
to the real projective line P1(R) = RU {oo} =: dH. The cocycle j : SL2(R) x H — C*
given by

j(v,2) = cz+d, where y = (24) € SLy(R), z € H,

2

is related to the Mobius transformation z +— ~z, say its derivative is j(v,z) * and

Im(yz) = Im(2)/|7(7, 2) |, and will appear rather frequently.

Definition 3.2.1. A subgroup I' C PSLy(R) is called a Fuchsian subgroup of the first kind
if I" acts discontinuously on H and every point in 0H is a limit point of [z for some

z € H.

For a Fuchsian group I of the first kind, we let T be the pre-image of I' under the
projection SLy(IR) — PSLy(R). Vice versa, for ' C SLy(R) with —I € T we let ' be the

image of I'. Moreover, we say that I' is a Fuchsian group of the first kind if [ is.

Example 3.2.1. Typical examples include PSLy(Z), congruence subgroups I'o(N), I'1 (),
['(N), and the theta subgroup ['y. Here,

—

o(N) = {7 € PSLa(Z) |y = (¢ 1) mod(N)},

(Z)
[1(N) = {y € PSLy(Z) |y = £ (§ 1) mod(N)},
['(N) = {y € PSLy(Z)|y = I mod(N)},

(Z)

[p={y € PSLy(Z)|y=Tor (§})mod(2)}.

Definition 3.2.2. Let [ be a Fuchsian group of the first kind. A domain F' C H is called

a fundamental domain for T if
1. Vzywe F:TznTw#0 < 2 =w,
2. VzeH:T2nF #0.

We shall often denote such a set F' by Fr.

A fundamental domain of a Fuchsian group of the first kind need not be compact.
It may contain segments which diverge to points in 0H. We call such points cusps.

Formally, we shall define a cusp as follows.

Definition 3.2.3. Let ' be a Fuchsian group of the first kind. A point a € 9H is called a
cusp of T if it is fixed by a parabolic element of . We say two cusps a, b are equivalent if

['a = T'b and the set of equivalence classes of cusps we refer to as the cusps of .
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From here on onwards, we shall fix one cusp for each equivalence class of cusps. This
will simplify matters as not everything we shall define will be independent of the choice
of representative of an equivalence class.

The stabiliser group ', of a cusp a is cyclic. This follows since ', is a discrete subgroup
of PSLs(R),, which is a one-parameter subgroup. To this end let 4, be a generator. We

may wish to translate the cusp a to oo, which we achieve through a scaling matrix.

Definition 3.2.4. Let a be a cusp of I'. A matrix o, € SLy(R) is called scaling matrix for a

if it satisfies the following properties:

3. 00 = (2%) with either ¢ # 0 or ¢ = 0 and d > 0.

Remark 3.2.2. The last condition is not necessary and is usually omitted. However, we

include it as it implies o, (0q,0,1) = 0x(071,04) = 1 (see (3.1) for the definition of o).

Proposition 3.2.3. Every Fuchsian group of the first kind has a fundamental domain of finite

volume and the volume depends only on the group itself.
Proof. See [Sies3]. O

Next, we shall define what constitutes an automorphy factor. Although, there is a
notion of automorphy factor of complex weight x € C, we shall restrict ourselves to real

weight k € R.

Definition 3.2.5. An automorphy factor v of weight x with respect to I' is a function

v: T xH — C that satisfies the properties
1. Vy,7rel,Vze H:v(yr,2) =v(y,m2)v(r, 2),
2. VyeL,Ve e H:|v(y,2)| = 1i(v, 2)%,
3. VzeH:v(-1,2) =1.
Given an automorphy factor v of weight ~ we can define an associated multiplier

system v : I — S' by v(v, 2) = v(y)j(v,2)" for y € T and z € H. Note that v is indeed

independent of z by the maximum modulus principle. In order to quantify the relations
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a multiplier system must satisfy to be associated to an automorphy factor, we need to

introduce a correction factor, which is given by

J(y,12)"j(1, 2)"
K Y - . 9 9 L R 3 ]I_I .
ok (7,7) T Vv, 7 € SLa(R),Vz € (3.1)

This is again independent of z by the maximum modulus principle. We are now able to

give the defining properties of a multiplier system.

Definition 3.2.6. A multiplier system v of weight x with respect to I is a function v : I' —

S! that satisfies the properties

1. Vy, 7 €T v(yr) = v(y)v(r)ok(y,7),

Note that, if v is a multiplier system of weight « for I', then it is also one for every
weight in k + 2Z. Moreover, v is a multiplier system of weight —« for I'. The behaviour

of a multiplier system at a cusp is going to be of significance.

Definition 3.2.7. Let v be a multiplier system for I' and a be a cusp of I'. Then, the cusp
parameter nt = n, is defined by v(oq (§ 1) o) = e(n.) and 7, € [0,1]. A cusp a is said

to be singular with respect to v if n, = 0.

For technical reason we let 67 denote the indicator function for non-singular cusps.
Note that we have §7% = n¥ 4+ nV.

We shall further require some transformation laws of the correction factor o.

Lemma 3 2. 4 The followmg relations are valid for (¢ %) = v1,7v2,73 € SLa2(IR) and

0k (71:7273) 0k (72, 73) = 0 (11,72) 00 (1172, 73). (3-2)
ow(71,p) = ox(pm) = (3-3)

ox(71,72) = ox(p11,72) = 0k(71,720), (3-4)

ok (71P,72) = 0k (71, P72), (3-5)
ax(npri ) = owlnn tem) =1, (3.6)
ae(ne e ) = ox(ny e ), (37)
(3.8)
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1, ifc#£0Oorc=0andd >0,
0—/1(’717'71_1) :O—H(’Yl_lv'yl) = (39)

e(k), ife=0andd<O0.
Proof. See [Ranyy, Chapter 3]. O

Proposition 3.2.5. Given a matrix T € SLa(IR) and a multiplier system v of weight r on T we

can define a conjugate multiplier system v™ on 7't by

. o ok(mymh ) 1
v(y) =v(tyrT ) ————————— VYyer IT.
(1) = v(rr )
Proof. This is easily verified using Lemma 3.2.4 or see [Ranyy, pp. 72-73]. O

Proposition 3.2.6. Let a and b be two cusp for I'. Then, we have a decomposition

o7 Toy = 84 BU |_| |_| Buw, 4B,
c>0dmod cZ

where B = {(} %) |b € Z} and the union is only taken over those pairs (c,d) for which there
(%

)
exist a matrix (%%) € o5 'Toy, and w g denotes an arbitrarily chosen one thereof. The set of

these c¢’s will be of importance and we shall denote it by Cqp, i.e.

Cas = {c€ RT|3(4}) € 07 'Ta }.

Proof. This is [Iwaoz, Theorem 2.7]. O

Lemma 3.2.7. We have Cyp = Cp q.

1

Proof. The map v + —7 ! is clearly an involution from oy 'f'oy, — o, 'T'o,, which in-

duces an involution Cq s — Cp o given by c — c. O

Let us denote by ¢, ;, the smallest element of C, , and simply c, for c, 4. The existence
of such a minimal element is proven [Iwaoz][Section 2.6], however the proof given there
requires some knowledge on the geometry of Fuchsian groups. We give a simpler proof
here. Let us consider the special case a = b first. Suppose C, , is the empty set. Then,
by using Proposition 3.2.6 we have o !f'o, = B which implies that a fundamental do-

main of I' has infinite volume, a contradiction. Thus, we may define ¢, as the infimum.
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We wish to show ¢, > 0. By invoking [Iwaoz2][Prop. 2.1] we know that Fuchsian sub-
groups are discrete subgroups of SL2(R). Let v = (5 }) € o7 'T'0,. Then, we may find
(2%) € £BYB C 0, 'To, with a = 14+ 0(c), b = O(1), and d = 1+ O(c). If there
were arbitrarily small such ¢’s we would reach a contradiction with the discreteness of
I'. Now, Proposition 3.3.3 shows that the set C,, must be discrete. Hence ¢, is indeed
a minimum. The general case follows from Propositions 3.2.6, which shows that Cg is
non-empty, and 3.3.3, which shows the discreteness of the set Cq .

We record here a counting lemma, which will come in handy later on.

Lemma 3.2.8. Let abea cusp forI', z € Hand Y > 0. We have

10

#{yela\T [Im(o7v2) > Y and Loy # Ta} < P
a

Proof. This is [Iwaoz, Lemma 2.10]. O

3.3 KLOOSTERMAN SUMS

The classical Kloosterman sum, that appeared in Kloosterman’s work [Klo26] is given
by
S(m,n;c) = Z/ e

(md +nd
dmod(c)

C

), m,n € Z,c € N. (3.10)

They appear as the Fourier coefficients of Poincaré series for the modular group SLy(Z)
with trivial multiplier system. In this way, we shall generalise the Kloosterman sum. For

¢ € Cqp, we define the Kloosterman sum as follows:

VK _mi, a — a d
SRR D S (N R (CRTSESRURESEY

(g S)GB\%—lroh/B

x 0(00, (44) og Now((2h) o5 ). (3.11)

Remark 3.3.1. Often in the literature, the Kloosterman sums are defined without the
extra factor e~ 5 *. However, with this normalisation the Kloosterman sum Sy (m, m; ¢)
is real (see Proposition 3.3.2). It is rather unfortunate that with this normalisation the
Kloosterman sum is no longer well-defined for x mod(2), but rather x mod(4), hence we

carry the x around in our notation for clarity.

10
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The Kloosterman sums are well-defined. This will follow from Proposition 3.4.5, how-
ever it is a good exercise in the o,-relations 3.2.4 to prove it directly. Let us first prove

that we may replace (¢ %) with (§1) (¢%) = (*f<*"¢). We have

v(oa (§1) (25) 0y ") = vloa (§1)oav(oa (20) o Now(oa (§1) oa ' oa (2]) o ')
= e(—na)v(oa (20) o Nowloa (§1) o'y 0a (24) 0y ")

from the definition of a multiplier system and the definition of the cusp parameter.

Furthermore, we have

e () ) ) = clmle () + () ).

By using (3.2) and (3.6), we get

a
ox(oa (§1)oat oa(2h) 0, ") = 3
1

= 04 (04, (23)‘7;1)%(%((1) 1), (¢5) o).

The combination of all of these equations shows that the left quotient is well-defined. To
show that the right quotient is well-defined we need to show that we can replace ()

with (41) (31) = (2 24%)- Noting that

(00, (25) o DNow((25) 105 7) = 0wlaa, (25))onl(oa (25) 105 1),

we find that the proof will be pretty much identical, thus we omit the computation.
The next proposition shows that the Kloosterman sums admit some symmetries. In
particular, they show that in the case when the two cusps a,b, and m,n are equal, re-

spectively, the Kloosterman sum is real.

Proposition 3.3.2. We have

W = Saﬁ,’;/{(_m — 0%, —n—0p°;¢) = Sa’f(n,m;c)

11



3.3 KLOOSTERMAN SUMS

Proof. The author believes there should be a short conceptual prove of this fact’. How-
ever, the author was not able to find one and therefore an ad hoc proof is given.

The first equality clearly holds by simply writing out the definitions. For this endeav-
our, one should recall that T is a multiplier system of weight —x. The second equality
requires a lot more work. We are going to make use of the involution in Lemma 3.2.7.
For this matter, we need a few identities. The first one follows from the definition of a

multiplier system

v(oa (24) o) =v(=Dv(oe (7 2) oa ow(oa (25) oy o (7 5) oa)
)

:e*”“v(ab (*Cd _ba) aa_l)a,.i(aa (g

The second, third, and fourth are just (3.2)

(
ow((20) oy how (1 1) o) =owlon, (U L) oa Dow((20), (% %) oa)
(

on((28), (L) oa ) =on((% 50) soaNon(=L o ow((23) , (3 20)-
The fifth follows from (3.2), (3.3) and the choice of o,
0 w(00,—071) =0u(ot, —Do_ (I, ~1)o_(0g,0,1) = 0. (0, !, —1).
The sixth is (3.2), (3.3) as well as the choice of oy
ol(21) 0 rnl(2 1) 7y o) =an(21) Doulry o) = 1.

The seventh is writing out the definitions

j(o‘a_l,z)’{j(—l,,@“ . j(_aa_lv'z)N -1
j(_U(:l’Z)l{ j(_I’O.a—lz)nj(o—a—ljz)n

UH(Ua_lv —Io_x (-1, Uu_l> =
And finally, the last one follows from (3.2), (3.3) and (3.9)

on((20), (1 20)) =on(( 5 3) =Do-s(l, =Do-x((25) , (5. 3))

a A long conceptual proof can be given through the evaluation of the inner product in Proposition 3.6.7 in

two ways and establishing enough analytic freedom.

12



3.4 MAASS FORMS

Combining all of them shows

v(oa (25) oy o—(oa, (¢5) og No—w((2) 05 1)

=e (o (74 2) oa)ow(oe, (2 L) orNoe((428) . 00t).

The only thing left to note is

s 7\ @ S T d v —d vy @
((m=ti e+ (n-giD?) =e (i) + mea) ).

O
We have the following trivial bounds for the Kloosterman sum.
Proposition 3.3.3. For any c € C,p, we have
|S§7f(m,n; ¢)| < max{cq, cp} e (3.12)
and
1ows _
Z E'S“;" (m,n; ¢)] < max{c, e} ' X (3.13)
CECmb
c<X
Proof. See [Iwaoz, Proposition 2.8, Corollary 2.9]. O
From this, it follows that the Kloosterman zeta function, which we shall define as
UK SU’:(mvn; C)
2 mns) = 30 2o ), 619

CECmb
converges locally absolutely uniformly to a holomorphic function in the half-plane
Re(s) > 1. In fact, Z"(m, n;s) extends to a meromorphic function in the half-plane

Re(s) > %. We refer to [Sel65].

3.4 MAASS FORMS

On the set of functions f : H — C, we may define the slash operator |, for every matrix

v € SLy(R). The operator is defined as follows

)2 = (222 " 602)

17(7, 2)]

and it satisfies

fleym = ox(77) - (fle¥) |7, V7,7 € SLa(R).

13



3.4 MAASS FORMS

Definition 3.4.1. Let I be a Fuchsian group of the first kind and v a multiplier system
of weight x with respect to I'. A function f : H — C is called modular with respect to v
(and T) if it satisfies

fley=v(n)f, Wyel.

The set of all such functions is denoted by F. (T, v).

On the space C*(H,C), we may also define the Laplace-Beltrami operator A, (of

weight «), which is given as
2 2
A, =12 (;ﬂ + §y2> — i/ﬁy;x.

The operator does not agree with the usual Laplace-Beltrami operator A on IH, which is
given by Ag. However, A, is linearly related to the Laplace-Beltrami operator of the uni-
versal cover SLy(IR) of SLy(R) when restricted to a certain subspace of C>(SLy(R), C).
This justifies its name. The reader may wish to consult with [Roe66, Chapter 4] to find

the details of this connection.
Lemma 3.4.1. The Laplace—Beltrami operator A,, commutes with all the slash operators |,y.

Proof. We have

2 0 K [0 0
A= —(z—32)* ‘_(2_2)(6925+82>’

o _1(o o\ o _1(0 0
dz 2\0z 0y)’ 9z 2\0z oy’

Before proceeding, the reader may wish to recall the chain rules

where

%(f 0g) = (f.09)g:+ (fz09)g. and %(f og) = (f-09)9:+ (fz09)7z,

where f, respectively f; denotes the partial derivative with respect to z respectively Z.
Now, let f € C*(H,C) and v = (%) € SLy(R). Then, we have that ((A,f)|«7)(2)
equals

(z —2)2 kK z2—Z

O I LR R oo VT oo KA AR &

[N1RS

- j(ﬁ)/vz)ifj(’%z) ](

Next, we have

2N ) = —e5i, ) 0,227 (07) (0 2) 5, D)3 R 2),
2 N2 = (1,2 55 DT 1 (02) + 3 2) 13,2520,

14



3.4 MAASS FORMS

and furthermore

2 I€2 K K K K K
8382 (flem)(z) == i (7,2) 7275 (7,2)2 7 f(y2) +egi (v 2) 72 72 (3,2) 2 fa(92)
—e5d(12) E (D) e (02) 4 (,2) R (0, 2) s (2).
Hence,

O
Therefore, A, operates on A (I',v) = C*°(H,C) N F,(T,v) and we are now able to
define what a Maass form is.

Definition 3.4.2. A Maass form with respect to the Fuchsian group I', multiplier system v

of weight « is a non-zero function f € A° (T, v), which satisfies the following properties

1. f is real analytic in z and y simultaneously,
2. A eC:—Af =N,

3. For all cusps a of T, we have (f|.0q)(2) = y°) as y — oo uniformly in z.

Ar is called the eigenvalue of f (with respect to A,). The span of all Maass forms with

respect to I' and v of weight x and eigenvalue X is denoted by A2 (T, v, A).

We can expand a Maass form [ at a cusp a of I as a series. For this matter, we let ¢,
satisfy the equation Ay = 1 + t? and let us denote with W}, ,,,(2) the Whittaker function,
which is defined in (A.1). If Ay happens to be real, then we make the convention that

tr € Ry UiR]. The expansion takes the following shape [Roe66, Chapter 2]:

(flxoa)(z) = > cpla,msy)e((m+ na)z), (3.15)
meZ
where
pf(a7 m)Wsign(m—G-nu)g,itf (47T’m + na‘y)v m+mnq # 0,
er(@my) = 0 pp(a, 0)y3 % + ol (0, 0)y ", m =1, =0#ty,
1 1
ps(a,0)y2 + py(a,0)y2 log(y), m ==ty =0.

15



3.4 MAASS FORMS

This expansion converges absolutely uniformly for y > 3o and we shall refer to it as
the Fourier expansion. We say a Maass form is cuspidal if the coefficients p¢(a,0) and
p't(a,0) vanish for all singular cusps.

Besides the Laplace—Beltrami operator A, there are also two further operators which

increase, respectively decrease, the weight of a function. They are defined as follows:

.0 Jd K .0 K
Ke=iyy +yg,+5 =025 +5
.0 0 K 0 K
AH_Zyax_yﬁy—’—g_(Z_z)@z—’—a

We have the following lemma.
Lemma 3.4.2. Let f € C°°(H,C) and v € SL2(R). Then, we have

(K f)lt2y = Ku(fla7),
(Axf)ls—27 = Au(fls7),
—AN = A2 K — 5(1+5),
Ny = K o\ +5(1-%),
Dpro Ky = Ky,

Ao\ = NAg.

Proof. See [Roe66, pp. 305-306] O

This shows that K, maps AX(T,v,\) to A% ,(I',v,\) and A, maps AP (T, v, \) to
A 5(T, v, X), which are bijections as long as A # —%5(1 + %), respectively A # £(1 - %).
We shall classify at a later stage what happens at these special eigenvalues (see Lemma
3.5.2). We shall examine what happens to the Fourier coefficient of a Maass form under

the increase and decrease operator.

Lemma 3.4.3. Let f € A°(T, v, \). Then, we have for the increase operator K,.:

—1, m—+nq > 0,
PK.f(a,m) = pg(a,m) x
(B+(5+5?), m+m<o,
if m = nq = 0 # ty, then we have
pr.p(a,0) = (5 + 5 +itg)ps(a, 0),

p/IQf(a’O) = (% + % _itf>p;‘(a> 0)’

16



3.4 MAASS FORMS

and finally if m = n, = t; = 0, then
pan(a70) = (% + %),Of(ﬂ, 0) + p}(a,O),

Pices(a,0) = (5 + 5)p(a,0).

For the decrease operator A, we have similarly:

-(B+G-9?). m+n>o,
PA.f(a,m) = pr(a,m) x ( e ’
1, m—+ng <0,

if m = n, = 0 # ty, then we have
panf(a,0) = (=5 + 5 —ity)ps(a,0),

pp,(a,0) = (=5 + 5 +itg)ps(a,0),

and finally if m = n, = t; = 0, then

pAnf(a’O) = (_% +

p;\nf(a70) = (_% +

)pf(a, O) - p/f(a7 0)7

)7/ (,0).

kS

1B

Proof. This is recorded in [AA18, Eq. (2.16)] or easily verified by means of the relation
amongst the Whittaker functions (A.3) and (A.2). O

There is a continuum of important examples of Maass forms”

, namely, the Eisenstein
series attached to a singular cusp. They will arise as a special case of the more general

Poincaré series, which we shall define here.

Definition 3.4.3. Let v be a multiplier system of weight s for I', aa cusp of I', and m € Z
be an integer with m + 7, > 0. Then, we define the m-th Poincaré series attached to the

cusp a with respect to the multiplier system v as

U,K —1 —1 s -1 j(0;177 Z) -
ua;m(zvs) = Z U(V)UH(Ja 7’7) Im(aa 72) e((m+77a)0u ’72) | )
yefa\ T ‘](Ga Vs Z)’

where z € H and s € C with Re(s) > 1.

The Poincaré series exhibit a defining property which we shall show later in Proposi-

tion 3.6.2. The Eisenstein series now arise in the special case when the cusp a is singular.

b Pun intended.

17



3.4 MAASS FORMS

Definition 3.4.4. Let v be a multiplier system of weight « for I' and a a singular cusp
of I'. Then, the 0-th Poincaré series attached to the cusp a with respect to the multiplier
system v is called the Eisenstein series attached to the cusp a with respect to the multiplier

system v and write

Proposition 3.4.4. The Poincaré series are well-defined and converge absolutely locally uni-

formly on H x {s € C|Re(s) > 1}. They are furthermore modular with respect to v and T.

Proof. Let T € Ty := 0,Bog !, say 7 = 04 (4 1) 05! with n € Z. Then, we have
Im(og '7y2) =Im((§}) og 'vz) = Im(og ' 2),

iog 'y, 2) =3((6 1) oa v, 2) = 3((§1) 0 'v2)i(og v, 2) = j(og ', 2),

) =
z) =

e((m+na)og 'myz) = e((m+na) (0 vz + 1)) = e((m +na) oy 'y2)e(n11a),
) = v(r)u(v)ox(r,7) = e(=nma)v(7) 0k (7, 7).

With the help of (3.2),(3.3),(3.4), we find

v(Ty

Un(7_77)0/£(0—u_177_7) = 05(00_177—)0/4(0—61_17—77) = UH((%T)J;177) = 05(00_17'7)'

This shows that the sum is well-defined modulo I'y. In order to show that the sum is
also well-defined modulo +1, it is sufficient to show that
| K
_ jloi'y, 2) . o 1
vonlozt ) (L) = ulit ) il )

i (a7, )] lj(oa v, 2)]
remains unchanged when replacing v with —v. However, this is clearly the case since
each factor on the right-hand side remains unchanged, thereby concluding that the sum
is well-defined.

Let us now turn our attention to the uniform convergence of the series. We have
U (sl < 3 Ty tyz) el 2rlmm) (o),
yela\T
Let us first consider the case m + 7, > 0. The function 2% %% (z,a,8 > 0) takes
its maximum of () at # = §. Thus, the sum stemming from the v € [\ with

Im(o;1yz) > %@m is bounded by

18



3.4 MAASS FORMS

by Lemma 3.2.8. The remaining sum is bounded by

Re(s)

B /2w(m+nu) YRe(s)e—QW(m+77a)Yd Z 1
" ~vela \ T
Re(s _
277(1;(42,@ >Im(og 'yz)>Y
Re(s)
_ /2#(7n+7}a) Z 114 (YRe(s)efQW(m-ﬁ-na)Y)
0 ~vela \ T
T >Im(og 'yz)>Y

__Re(s)
< /2ﬁ(m+na) 14 10 d (YRe(s)e—QW(er”]a)Y)
0 caY

els Re(s)
_(_Re(s) \*( 20m(mtn) /ww yRels) —2n(mtna)y g (1 1 10
2em(m + 1nq) ca Re(s) 0 caY
Re(s) \™ ¢, 20m(mtna)\ | 1 1 Re(s)
< (2671‘(7’n—|—’l7u)> <1+ W +a(2ﬂ(m+na)) F(RG(S) — 1),

where we have used integration by parts and Lemma 3.2.8. This shows the proclaimed
convergence on the mentioned sets. The case m + 7, = 0 is very similar. First, note that

we may only consider the sum where [,y # [',. In this case, we have the bound

20

- / “ yRe(s)g oo
0

yela \I'=Tq
Im(og 1vz)>Y

:/C“ Yoo d(YRe(S)>
0 vl P—fa
Im(og ty2)>Y

0 Re(s)YRet)-1qy

<

0 Ca
_E Re(s) @ Re(s)—1
"~ ca Re(s) =1 \ ¢q ’

which again shows the proclaimed convergence.

We move onto the last claim. We have

. -1 —K
Ui (72,5) = > v()ow(oa L) Im(og yr2)e((m + ne)oy y72) (”“’”) |
~elg\T |j (Uu 7 TZ>|
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3.4 MAASS FORMS

Inserting the equations

v(7) = v(y7)ox (7, 7)o (T),

0',4(0',371, 7) = O-K(U;17 ’VT)O-H (7a T)O-N(O-u_l/ya T)v

which follow from the definition of a multiplier system and (3.2), respectively, as well as

- —1 K - —1 K - K
(o ,TZ oL YT, 2 T, 2 — 1
i « )I* _ liloa ™y 2' - JEI ) (o7,
jloa y,12)" 5 (7, 2)] jloa yT, 2)k
shows
U (2. 5) = o(r) 202" o )
a,m b |j(7—,2>"€ a,m 9 9
which is exactly what we needed to show. O

Proposition 3.4.5. The Poincaré series admit the following Fourier expansion:

(Uainlsou) (2, 8) = dapy’e((m + na)z)
ST (mym; )
_|_ySZ Z WTBK(QW‘F%?”‘F%W?S) e((n+nb)$)7 (316)
neZ \ceCyp
where S} (m, n; c) is the Kloosterman sum as in (3.11) and

. e o m —ik arg(t+iy)
B"(e,m,n,y,s) =e2 e\~ —nt)e
oo A (t+1y)

dt

m- (3.17)

Proof. We have

(Uaimlkoe) (2, 8) = (M) :

17 (0, 2)

0 - - (071, 002) \ "
% Z v(7)ox(oa L) Im(o; IVUbZ)Se((m + 1) oq I’Yo’bz> <W> .
vela \T l7(0a 'y, 002)|

We make use of the bijection I\ — B\ o Ty given by v+ 7 = o, 'y, and find

(Usimlwoe)(z,5) = (M) :

’j(o-ba Z)

. —1 -k
X E U(aaTng)an(chl, JaTUgl) Im(72)%e((m +nq)72) —J_(TU[’_l’ 762) )
L lj(T0y ", 062)]

T€B\ o, Top

We further simplify by making use of the relations

(o) (GEZZ?ZZ%) —oulrey o) ()
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3.4 MAASS FORMS

on(toyt,o0) = ok (7, D)ow(oy ' o) on(r,0,1) = 0,(T,0, 1),

as well as

-1

0x(0at 00ty ) = 0x(I, 70y )ow(0a y0a) 0k (00, 7oy b)) = 0400, Ty b,

which follow from (3.2) and (3.3). We conclude

(Uamilrow) (2, 5)

= > v(0aroy, )ow(on, 7oy Dow(r, o ) Im(r2) e((m + ne)72) ( i(7,2) >

reB\ oz oy ‘](T7Z)|

We are now at a state where we can make use of the double-coset representation given
by Proposition 3.2.6. The contribution from B, which is only present if the cusps a and
b are equivalent, is given by

i1, 2)
15(1, 2)]

) ) = 0qpy’e((m +1nq)z).
(3.18)

Let ¢ € Cyp, dmodcZ, n € Z and consider the contribution from the matrix weq (§ 7).

b00(707 ) (0m, 07 ) (1,07 Yy el(m + 1a)2) (

We have

v(oawed (1) 05 ") = v(0aweaoy )v(06 (§1) 0y )ow(0aweaoy 0w (§71) 0 '). (3.19)

Now, we claim
v(o (§7) 05 ) = elmon). (3-20)

This is certainly true for n = 0, 1 and therefore it suffices to prove

o,i(ab((l)cl‘)aljl,ab(éll’)ab_l) =1, Va,beZ.

since by (3.2), (3.6), and (3.3), we have

= 1.

1y 7e(o6 (58) 0y 1 Dow(ov. 0, 1)
(06 (§ %) 05 5 00)
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3.4 MAASS FORMS

Furthermore, we have by (3.2) twice and (3.6), that

—— (00, wWe,d0 )
7lTseas o o) o0 )= () 0y Don(weay Lo (1) oy )
01 (00, Weaoy )0k (Wea, 05 ")
(00 wed(§ 1)y )ow(Wea (5 7)oy Dow(og L on(§ 7)oy 1)
01 (00, Wea0y, )0k (Wea, 05 1)

(00 wea (§7) o own(wed, (§7) og )

We also have
J(wed (§7):2) = j(wea, 2 +n). (3.22)

Thus using (3.19), (3.20), (3.21), and (3.22) we find that the contribution from w.q (| %

O»—A
~—
~

ne€4Z,1is

Z U(anada;l)e(—nbn)a,i(cra,wc,da[:l)aﬁ(wc7d, 0;1)
nez.

X Im(wea(z +n))’e((m + ng)wed(z +n)) (W) ) . (3.23)

By using Poisson summation, we find

S e(—nom) In(we =+ n)e((m + no)eealz +n)) (M)

nez J(wed,z+n)
=3 [ el im0 ellm + mhseate +0) (T ) elno

(3-24)
It is in the next step which forces us to always choose ¢ > 0 in the definition of the
Kloosterman sum, despite the fact that the Poincaré series are well-defined modulo +1.
Let weq = (¢5). Then, we have

a 1 )
wc,d<Z+t) = E — m and](wc,(bz—f—t) = C(Z+t+ %)

Shifting the integral in (3.24) by —x — g, we have that (3.24) is equal to

3 R )

nez
e ((m + 71a) <Z — M)) e~ marg(tti) o (_py(f — g — 2))dt. (3.25)

On recalling (3.17), we find that (3.24) is further equal to

. S
)

T a d K
e 2" e((n+mp)z)e | (m+ma)= + (n+m)= yTB (c;m +na,n + 16,9, 8). (3.26)
nez ¢ cj e
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3.4 MAASS FORMS

By using this in (3.23) and summing over dmodcZ and c € Cyp, we confirm the pro-

claimed Fourier expansion. ]

Next, we turn our attention to the special case of the Eisenstein series, i.e. m = 7, = 0.

We need to analyse the integral B* further:

B 0y, ) = e /oo e(_nt)eimarg(my)m (3-27)
o 3.27
— y1—2s/ 6(7nyu>e—inarg(1—iu) du )
o (14 u?)s
Let us now define
o LN — B . K du

Then, we have B*(c,0,n,y,s) = y'~2*B(ny). Letting t = iu we find
—100 . .
Bly) = z/ 21— )5S (14 1) 5 dt.
100
Suppose y > 0. Then, we make the substitution v = ¢ — 1 and shifting the contour to a
lock-hole integral coming from infinity looping around 0 in positive direction and going
back to infinity, we arrive at
0) . .
B(y) = ie ?™ / e 2 () T2 75 (2 4 u) 2 *du.
o
By substituting ¢ = 27wyu, we find
(0%)

K K " t %78
B(y) = i62”9(2ﬂy)2+81225/ e t(—t)73 <1 + ) du.
[ee) 47Ty

By inserting the definition of the Whittaker function (A.1), we find

B = TV W (dmy), Wy 0
Yy) = r<%+s> 57%75 Y), ) .
Similarly, we find
Ws‘y|sfl

By = " w4 |
(y) r(_% 8) Wfa,%fs( 7T|y|)a Vy <0

By either taking limits or directly from the equation (A.20), we find

r(2s—1)
[(s =5 (s+5)

B(0) = 22" %¢

By putting this information back into (3.27), we find for n +n, # 0

78| 4 mp| 571 - »
F(S+Sign(n+nb)%) sign(n+mp) 5,35

B*(c,0,n+np,y,s) = Amn +nely)
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3.5 SPECTRAL THEOREM

and
T(25 —1) 1-2s
K K y °
I'(s+ Q)F(s — 5)

We have concluded the following proposition.

B"(c,0,0,y,s) = 227 %7

Proposition 3.4.6. The Eisenstein series admit the following Fourier expansion

I'(2s—1)

v,nﬁ — s S 22—23
(& |kow) (2, 8) = apy” + dny0 Wr(s—f)r(s—i— 5)

Z0(0,0;5)y'

[
+ Z 1" S+Slgn n""”b)%)zab (0 n; S)Wsign(n+77h)g,%—s(4ﬂ-|n+nb|y)e((n+nb)x)7

n+m, 750

(3-29)

where we recall the Kloosterman zeta function Z o from (3.14).

Proposition 3.4.7. The Eisenstein series £,"" (-, s) for Re(s) > 1 are Maass forms with eigen-

value s(1 — s).

Proof. We have already shown that ;" (-, s) is modular and satisfies the growth condi-
tions at the cusps, thus it suffices to show that is also an analytic eigenfunction with
eigenvalue s(1 — s). To this end, note that £" (-, s) is a locally absolutely uniformly con-
vergent linear combination of terms of the shape y*|.~y. Now, y* is a real analytic function,
therefore so is y°|,,y and furthermore £!(-, s). Finally, we have —A,y* = s(1 — s)y*® and
by Lemma 3.4.1 A, commutes with the slash operators. Note that we are allowed to in-
terchange A, with the infinite sum due to the afore mentioned convergence of analytic

functions. 0

3.5 SPECTRAL THEOREM

The goal of this section is to understand the spectrum of —A,. For this matter, we con-
sider its unique self-adjoint extension (which we shall also denote —A,;) to the Hilbert
space H,(T',v), which consists of all equivalence classes of with respect to y2?dxdy
measurable functions f € F,(I',v) that are square-integrable with respect to the inner

product

(f.9) / £z d””dy (3.30)

Where as usual two functions f, g are equivalent if and only if ||f — g||]2 = 0, where

Iflle = (f, f > denotes the associated norm. In what follows, we shall not differentiate
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3.5 SPECTRAL THEOREM

between a function and its equivalence class. We may also extend the increase and
decrease operators K., respectively A, to H,(T,v) in a manner such that the equalities

in Lemma 3.4.2 continue to hold.
Lemma 3.5.1. Let f,g € H,(T,v). Then, we have the following equalities

<g, 7Alif> = <KﬁgaKf€f> - %(1 + %)<gaf>a
<g, _Anf> - <A/<97Anf> + %(1 - %)<gvf>

Proof. See [Roe66, Satz 3.1]. O

It follows from this that all eigenvalues of the Laplace—Beltrami operator —A, on
H.(T,v) are > @(1 — @) Let us denote with H, (T, v,\) = AX(T,v,\) N H,(T,v) the

space of all square-integrable Maass forms with eigenvalue .
Lemma 3.5.2. Let f € (T, v). Then, we have
1. —Af=-51+5)fe K. f=0s& y2 f(z) is holomorphic,

2. —Apf =51 -5)f & Auf =0y 3 f(2) is holomorphic.
Proof. This is a combination of [Roe66, Lemma 3.2] and the previous lemma. ]

We now consider the subspace of cuspidal functions C, (T, v), which consists of all
functions f € H,.(I',v) which vanish at every singular cusp, that is for every singular
cusp a we have

1
/ (flkoa)(z)dz =0, for almost all y.
0

The Laplace-Beltrami operator A, maps the space C, (T, v) into itself. We are now able

to state the spectral theorem for the cuspidal space.

Theorem 3.5.3. There is an at most countable orthonormal basis of cuspidal Maass forms
BS(T,v) C AX(T,v) NCk (T, v) with eigenvalues \j, € [%(1 — ‘Qﬂ), oo| for every h € BS(T, v).
Each eigenvalue appears with finite multiplicity and the sum
2 M
heBS (T,v)
AR #0
converges. For any f € C..(T',v) we have the expansion (in norm)
fE) = (fh(z).
heBe (T )

The right-hand side further converges absolutely uniformly in z € IH.
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3.5 SPECTRAL THEOREM

Proof. See [Roe66, Chapter 8]. O

Let N (T,v) € H,(T,v) denote the orthogonal complement of C, (T, v). Before stating

the spectral theorem for N, (T',v), we need to collect a couple more facts.

Proposition 3.5.4. The Eisenstein series £3°" (20, s) and its Fourier coefficients (3.29) admit
meromorphic continuation to the whole complex plane s € C with at most simple poles in

[0,2[U13,1]. If so €]3,1] is such a pole, then sq is also a simple pole of £ (z, s) for every

z € H, and a simple pole of its 0-th Fourier at the cusp a, in other words a simple pole of
I'(2s—1)
I(s =) (s +3)

For s not a pole, the Eisenstein series £3" (-, s) are Maass forms and their Fourier expansions

Z;f(o, 0; ).

(3.29) continue to hold.

Proof. See [Roe66, Chapters 10 & 11]. O

Let sp €]1,1] be a pole of £Y(z, s). Then, the residual function

f(z) = Res £7"(z, 5) (3:31)

S=s0
is a square-integrable Maass form with eigenvalue s (1 — s¢), that does not vanish at the
cusp a. The span of these non-cuspidal Maass forms is called the residual spectrum. We

are now able to state the spectral theorem for the space N, (T, v).

Theorem 3.5.5. There is a complete finite set of orthonormal eigenfunctions By (T',v) and ei-
genpackets P, (T, v). The eigenfunctions are given by a collection of normalised residual Maass
forms (3.31) and the eigenpackets are given by the Eisenstein series attached to singular cusps.
For any f € N (T',v) we have the expansion (in norm)
1 > v,k : v,k ;
FE = Y () + - / (FE7 (o g +ir)E" (2, 3 +ir)dr.
heBr(Tw) asing. ”

Here, (f,E3"" (-, 5 +ir)) is to be understood as in (3.30) if the integral converges absolutely,
otherwise as the limit

lim (g, & (-, % +ir)),

gl
where the limit is taken over the functions g € H,(T,v) with compact support in Fr which

converge in norm to f. The integral over r with respect to z in a compact subset I C H is

absolutely convergent. In other words,
o
lim |...|dr
H—00 —u

converges uniformly with respect to z € K.
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Proof. See [Roe66, Chapter 12]. O

Let us set B, (T',v) = BS(T,v) UBL(T,v). Then, B, (T, v) together with P, (I',v) form
a complete set of eigenfunctions and eigenpackets for the space H,(I',v). As a con-

sequence, we have the following Parseval identity.

Proposition 3.5.6. For f,g € H,(T,v) we have

(f,9)= >, <f,h><g,7h>+£z /Oo<f,8::7“<-,;+z’r>><g,8§:’“(-,;+z’r>>dr. (3.32)

heB (T ) asing. ” ~

Proof. This follows from the previous spectral theorems in combination with [Roe66,

Lemma 5.2 & Egs. (12.15)-(12.21)] and the polarisation identity. O

36 PRE-TRACE FORMULAE

The goal of this section is to derive so-called pre-trace formulae, which shall then be
used in Section 3.10 to derive the Kuznetsov trace formula. We follow the method ori-
ginally developed by Kuznetsov [Kuz8o] and evaluate inner products with Poincaré
series in two ways. The results we shall state here are generalisations of the work of
Deshouillers-Iwaniec [DI83], Ahlgren—Andersen [AA18], and Proskurin [Proos, Proy9].
We will make frequent use of estimates of the latter two references. We shall also point
out a second method to develop these pre-trace formulae, which is based on the mero-
morphic continuation of the Kloosterman zeta function Z o (m,n;s). This method is

employed for example in [Iwaoz].

Proposition 3.6.1. The Poincaré series Uq 1 (-, s) with m +ng > 0 and Re(s) > 1 are elements

of H.(T,v).

Proof. By taking Proposition 3.4.4 into account, it is sufficient to prove that the Poincaré
series are square-integrable.

Recall the Fourier expansion of the Poincaré series (3.16) and the integral B” from
(3.17). By shifting the contour integral in B" from the real line to Im ¢ = —% sign(n+mnp)y

as in [Proos], one finds

1
B (e,m+ na,n+ 16,9y, 5) <AB e_”|”+77"|yy1_2Re(s), VRe(s) > 5 + A, |Im(s)| < B.

(3-33)
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The estimate (3.13) further shows
S (m, s c)]
Z T 2Re(s) Lapal, VRe(s)>1+A.

ceCmb

Hence, we conclude from Proposition 3.4.5 that
Ui(0vz,5) <apapy' ", YRe(s) > 1+ 4,[Im(s)| < B, (334)
It easily follows from this that Uy, (-, s) is square-integrable. O

Proposition 3.6.2. Let h € B.(T',v), ¢ a singular cusp with respect to T and v, r € R and

m + ng > 0. Then, for Re(s) > 1 we have

T(s—1—ity)T(s— 2% +itp)
I(s—3%)

U (-, 5),h) = pn(a,m)(4m(m+ne))"~*

and

<U;]7’7,’1(', 5),5’;’7”(., % + W»

. , r
= 7 (4w (m 4 e)) (4 e) "2 20 (0,m: § + i)

Proof. We have that (Uym (-, s), h) equals

(0! *____ded
S Dm)on(ea ) In(og e e((m + na)or 42) (““”) h(z) ey
}%Vefu\f |J<Ja 77Z>‘ y

We recall that the Maass form h has at most polynomial growth at each cusp. In fact, it
must satisfy o(Im (o, 'z) %) at every cusp b in order to be square-integrable. On the other
hand the Poincaré series satisfy the bound o(1) at every cusp (3.34). These facts together
with the absolute locally uniform convergence of the sum (see Proposition 3.4.4) allow
us to interchange the integral with the infinite sum. By inserting a further change of

variables, we arrive at

1

Z / v(Y)ox(oat,y)e((m +ne)2) < jloa vy~

—K

P 1 R —
1 |j(0'71’)/ 1o Z)|> h(y~1oaz)

Wefu\f‘ Oq V1 a 9 a

y2—s

————dzdy
— / L elmn)2) (Bleoa) (2) e (3.35)
Uyera\roa 77r y
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In the second line, we have used the modularity of h and the following equality

(o) (AT )y (Hpoes ) (Home) )

li(oaty, 7 1o42) 7 (771, 0a2)| 17 (0a; 2)

~a o ooy ) (Hoe 0 ) (Fo i)

lj(oaty, v 10a2)| 1§(710q, 2)|

laaa)

=0x(v,7 )ow(og ' 7)ow(og 177 o) o (v”
=0k(v, 7 on(og ! 0a)on(,77 0a)ow (17, 0a)
=0 (7,77 1)kl 0a)os (7,771
=1.
Now, Uvefa\f o719 F; is a fundamental domain for I, and we may assume it is {z €

HJ0 < Re(z) < 1}. Hence, (3.35) is equal to

/O“’ /01 e((m +na)2) (hlaoa) (2)y° *dady.

By using the Fourier expansion of h at the cusp a (3.15) and exchanging summation with
the integral over x, which we may due to the convergence of the Fourier expansion, we
find that only the (m + 7,)-th Fourier coefficient survives the integral over = and thus

(3.35) is further equal to
7ph(a, m) /0 e*ZW(mM“)ng,ith(él?T(m + 1a)y)y*2dy.

For Re(s) > |—g|, we have Re(s) > Re(it,) — 3 and thus we may use (A.5) to evaluate the

latter integral:
F(S — % — ith)r(s — % + ith)
(s %) '

pn(a,m)(4n(m +ne))t*

Hence, we have proved the equality for Re(s) > max{@, 1}. Now, the right-hand side
admits a meromorphic continuation to Re(s) > 1 and the left-hand side admits an
analytic continuation to Re(s) > 1. Hence, the singularities must be removable and
we have proved the identity for Re(s) > 1. In order to evaluate (Ui (-, s),& " (-, 3 +
ir)), we may proceed as before, since the Eisenstein series satisfy (£ "|op)(2, 5 + ir) =
Or(y% log(y)) as y — oo for every cusp b, which follows from the Fourier expansion

(3.29). We arrive at

1 .

1, (m4n) 27" —x% , < _

> W(F(l 77‘;) i Zy (O,m;;—kzr)/ e 2”(m+”“)ng’,ir(47r(m+77u)y)y5 2dy
272 0

= w2 (4 (m 4 00))' 0 (m 4 ) T2 ZET(0,m 4 + i)
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Remark 3.6.3. Another way to see that the singularities on the right-hand side are re-
movable is to classify all the eigenvalues in [‘;—‘ (1- |2i|), 0[. This has been done in [Roe66,
Satz 5.4].

Naturally, one may ask how a similar proposition for negative Fourier coefficients may
look like. To this end, we shall employ some trickery. A simple computation shows that

for m +ny < 0 we have that Z/lz’_m_ sns (-, 8) is well-defined and lives in the space (', v).

Therefore, a simple complex conjugation of Proposition 3.6.2 shows the following.

Proposition 3.6.4. Let h € B,.(T,v), ¢ a singular cusp with respect to T and v, r € R and
m + ng < 0. Then, for Re(s) > 1 we have

_ - T(G—4%—it))\T(5—1%+it
u:-"r (-,s),h):ph(a,m)(47r|m+77a|)1_s (=5 )T~ 5+ itn)

GO I(E+1%)
and
U s (,8), E0 (-, 5 +ir))
. e (G- 3%+ir)GE-3—ir)
= 73 (4| a]) ' e "2 2 (0,m b 4 i : -
(ol ol 2 02 ) R O r (T g )

Proof. All that is left to note is Y +ny = 07 and (h|_xo4) = (h|x0q). Therefore,
pi-(a, —m — 67%) = pp(a, m). For the Eisenstein series, we find similarly & (z,  + ir) =

& (2 g —ir) and Z5(0, —m — 877§ —ir) = 20 (0,mi 5+ ir). -

Corollary 3.6.5. The series Uy (20, s) for m +nq > 0 has a meromorphic continuation to all
of s € C. If sg is a pole of Uqm (20, ), then it is also a pole of Uy (2, s) for every z € H.
Furthermore, the Fourier coefficients (3.16) of Uqm (7, s) admit a meromorphic continuation to
all of s € C and the equality (3.16) continues to hold for s not a pole. An analogous statement

holds for m when m + 1, < 0.

Proof. All of this follows from Proposition 3.6.2, respectively Proposition 3.6.4, and the

spectral expansion stemming from the conjunction of the Theorems 3.5.3 and 3.5.5. [

Proposition 3.6.6. Let m + nq,n + 1y > 0 and Re(sy1), Re(s2) > 1. Then, we have

F(31+52—1) g m =+ Nq 82581
(2m(m +nq +n+mnp))srts2—1 n 4+ g

S (m,n; ) 4/ (m + n+ 1\ S1ts2—2
« 93—s1—52 Z a,b /K81_82 \/( nﬂ)( nb)q <q + q) q”_ldq,
L

cs1+s2 c
ceCu,b

<u;.},’7“ri(a 51)72/{;;?(’5» = 5a,h6m,n

where L is the contour along the semicircle |q| = 1 from —i to i with Re(q) > 0.
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Proof. This proposition is essentially the same as [Proos, Lemma 1] and we follow its
proof closely. By unfolding the second Poincaré series (as in the beginning of Proposition

3.6.2), we find that (Uam (-, 51), U, (-, 52)) is equal to

00 1
| @ilaon) Goseltn+m) 2y 2dod
o Jo
By inserting the Fourier expansion of (Uym|x0a)(2, 1) (see Proposition 3.4.5) and inter-
changing the integral over x with the summation, we further evaluate this to

F(31 + 89 — 1)
T )

5a,b6m,n (271'(

> Sap (M, 1) -
+/ Z ’27Bﬁ(c,m—|—’l7a,n+77h7y’81) ys1+52— e~ 7T(n+7’][,)ydy'
0 c=51
cecu,b
Due to (3.33), we may further exchange summation and integral assuming Re(s2) >

Re(s1). The integral
o0
/ BR(Cvm‘i'naan+nh,y,Sl)ysl+52_2@_2ﬁ("+nh)ydy
0

has been evaluated as®

_ ,[:23—81—82 1 m + Na
= \ g

1 + 1) (n + L\
X/LKS1—82< W\/(m na)(n nb)Q) <q+q> q" 1dq

52751

C

in [Proos, Egs. (25),(26)]. This concludes the proposition for Re(s2) > Re(s1). The case
Re(s1) > Re(s2) follows by symmetry in combination with Proposition 3.3.2 and, finally,

the case Re(s1) = Re(s2) by continuity. O

Proposition 3.6.7. Let m + 1, > 0, n+n, < 0, and Re(sy),Re(s2) > 1. Then, we have

s9—s1

= e 1"(31+32—1) <m+na>
UL (- 51), Uy 0 s+, 82)) = 23751752
Uain (- 51): Uy _gs (+52)) [(s1—5)T(s2+5) \—n—mn

y Z S;’,’b”(m,n;c)K51_S2 <4W\/—(n+nb)(m+na)>

cs1+s2 c
ceca’b

Proof. As in Proposition 3.6.6, we unfold the first Poincaré series and find

_ o 1 _
Uy (-5 51), ;)7’__;_5;15(332»:/0 /0 y51_2e((m-I-na)z)(ua’__:_(;gsl_nau)(z,sz)dmdy.
(3-36)

¢ Recall that our definition of B* contains an additional factor of e ¥,
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By inserting the Fourier expansion for the Poincaré series, see Proposition 3.4.5, together
with Proposition 3.3.2, and exchanging summation with integral, we find that (3.36)
further equals

'UKZ
ap (M1 C)

/0 y81+82 2 _QW (m-tng' )y Z 252 B_H(Q -n - néja -m— nga Y, SQ)dy- (337)
CEca b

For Re(s1) > Re(s2), we are allowed to exchange summation and integral once more,

thus it remains to evaluate the integral

o0
/ yor+se=2e=2mmIm)y g (¢ — ¥ —m — ¥y, 59)dy. (3.38)
0

By inserting the definition (3.17) of the integral B~", substituting ¢t = uy, and interchan-
ging the integrals, which is allowed in view of their absolute convergence, we arrive

at
6’;5/ eiﬁarg(u+i)(u2+1)752

> s1—s2—1 _n_ng U )
/0 Y1752 exp <—27r (c?y(l—zu) + (m+ng)y(1— zu))) dydu. (3.39)

By making use of the integral representation (A.15), we find that the inner integral is

equal to

2( —n—nd 1 )51-32}( <4W\/(n+ngj)(m+n§,’)>
. ) S9—S1 .

Cc

By inserting this back into (3.39) and using arg(u + i) = § + arg(1 — iu), we find that
(3.39) is equal to

o () . <4W\/—(n+né’)(m+n§))

m—+ny)c? c

></ (1 —iu) ™2 (14 iu) ™2 2du.  (3.40)

—00

The latter integral equates to

o LN " L N—go_ K e 1"(51 + 89 — 1)
1—u) ™ 2 (1 4+ du) "2 2du = 722751752
/—oo< ) ( ) [(s1—5)l(s2+7%)

by (A.20). This proves the proposition in the case Re(s1) > Re(sz2). The case Re(sg) >
Re(s1) is very similar. There, one needs to unfold the second Poincaré series rather than

the first. The case Re(s1) = Re(sz) follows once again from continuity. O
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V,—kK

By evaluating (Uam (-, 51),Uy, (+,52)), respectively (Mﬁ;’;(-,sl),ubﬁnfégw(-,32)), in a
second way, by using Parseval’s identity (3.32), we arrive at the pre-trace formulae. In
order to state them in a compact form, we set

A(s1,80,7) =T(s1— 5 —ir)T(s1 — 5 +ir)T(so — & —ir)T(so — & +ir).
Proposition 3.6.8. Let 0,t € R with o > 1 and m + ng,n + 1y > 0. Then, we have

U (m,n; e m n 202
5~ Sai(mnic) / e <4M 1) +m,>q> (H;) e

20
C C
c€Cqp

(20 —1) L2 () ()
A(m(m—+ng+n+mn))2o-t ['(o— %—l—%)l‘(o— u

= _iéa,bém,n

N|x
|
oS
N—

_ . , 1
X pn(a,m)pp(b,n)A(oc+ % 0 — L t,) +
{hezg(:r,v) ’ ’ 4/ (m + na) (n + 1)

« 3 /Oo <m+na>” 2o (Omig +in) ZE O+
1,5 _ 5 1,k 27 27 )
o \ T2+ Mg I(5+5—ir) [(5+ 4% +ir)

csing. ¥

Proposition 3.6.9. Let o,t € R with o > 1 and m + nq,n + 1y < 0. Then, we have

SY(m,m;c 1\ 202
Z e ( % ) / K <4W \/(m+nz)(n+nb)q) <q+ q) q " dg
L

C
CECa,b

= _i(sa,h(sm,n 4(

I'(20—1) 27220 (m A+ o) (n 4 6)) 7
mlm 0 + 7+ e )2 Te+5+5)(0+5-3)

. . . 1
X § ph(a7 m)ph(bﬂ?’)A(U_'—ﬂ’O—_ H7th) +
{hemm S 4/(m+ 1n0) (1 + 1)

3 [ (o ) 20 )
0o \ 1+ 1 F(A—%&—ir) T(3-5+ir)

Ao+%0— g,r)dr}.

csing. ¥

Proposition 3.6.10. Let 0,t € R with o > 1 and m +nq > 0 ,n + 1y < 0. Then, we have

s Sl <4W¢<m+na>\n+m,r> _ 0 (mt gl )

el 20 c (20 -1)

— 1
X pr(a,m)pn(b,n)A(o + it,o —it, 1) +
{hetg(:r,u) 4\/(m+77a)]n—|—m,|

> [0

csing. ¥

m —+ g
n + e

b ( . .
R ———A(o +it,o —it,r)dr .
T(5+5—ir) (55 +ir) }

In Section 3.10, we shall derive the Kuznetsov trace formulae from these equations.
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3.7 HOLOMORPHIC MODULAR FORMS

On the set of holomorphic functions f : H — C, we define the slash operators |y for

every matrix 7 € SL2(R) as follows

(Flev)(2) = j(v,2) F f(72).

No confusion should arise between the slash operator for Maass forms as their weight is
always denoted with « and the weight of holomorphic forms is denoted by k. The slash

operators once more satisfy the equality

f’k’YT = O-k(’Y’T)(f|k’Y)’k‘T’ Vv, 7€ SL?(IR)

Definition 3.7.1. Let I be a Fuchsian group of the first kind and v a multiplier system
of weight k with respect to I'. A holomorphic function f : H — C is called modular of

weight k£ with respect to v (and TI') if it satisfies

fliy=v(y)f, vyel.

Every such function has a Fourier expansion at a cusp a of the following type:
(flkoa)(z) = D v(a,m)e((m+na)2). (341)
mez

Definition 3.7.2. Let f : H — C be a holomorphic modular function (of weight £ with
respect to v and I'). If for every cusp a of I' the Fourier expansion at a (3.41) may be
restricted to those m with m +n, > 0, then we call f a (holomorphic) modular form (of
weight k& with respect to v and I'). The space of all modular forms of weight k with
respect to v and T’ is denoted by M (T, v).

Similarly, if one may restrict the sum in (3.41) to m 47, > 0 for every cusp a of I, then
we call f (holomorphic) cusp form (of weight k with respect to v and I'). The space of all
cusp forms of weight k with respect to v and I is denoted by S (T, v).

Proposition 3.7.1. The spaces My (T, v) and S;(T,v) are finite-dimensional C-vector spaces
with
dime Sk (T, v) < dime Mg(T,v) < (k4 1)(vol Fr + 1).

Proof. See [Iwagy, Section 2.7]. O]
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Interestingly, there is a nice characterisation of holomorphic modular forms in terms
of Maass forms of a special kind. We have the following lemma.

Lemma 3.7.2. Let f(z) be a holomorphic modular form of weight k with respect to v and T'. Then,
y2 f(z) is a Maass form of weight r = k with respect to v and T with eigenvalue & (1 — £). This
map further constitutes an isomorphism of vector spaces. In addition, yg [(z) is a cuspidal Maass

form if and only if f(z) is a holomorphic cusp form.

Proof. This is just a sharpening of Lemma 3.5.2. The vanishing of the negative Fourier
coefficients follows from Lemma 3.4.3, equations (3.42),(3.43), together with A,f = 0.
O

Corollary 3.7.3. For k < 0, we have My, (T',v) = {0} and My(T',v) C C.

Proof. Let f € My (T',v). Then, by the Lemmata 3.7.2, 3.5.2, and 3.5.1, we have

klly? £ ()3 = I1Kry? £(2) 13-

The first statement follows. For the second statement, we see that this equality implies

Ko f(z) = 0. Thus, f(z) is also an antiholomorphic function and hence constant. O

By comparing the Fourier coefficients of a modular form f(z) (3.41) to the ones of

ygf(z) (3.15) and using (A.4), we find that

bi(aym) = (dx(m+n0)2 -p 5 (a,m), m+1q >0,

k
v (3-42)
¢f(a7m) :py%f(aam)7 m+n, <0,
and for a singular

It should come as no surprise that we can turn Si(T',v), respectively My (T, v) for

0 < k < 1, into a Hilbert space, where the inner product is given by

(f.9) = | (2)g(2)y* df;fy. (3-44)

We let B (T,v) denote an orthonormal basis of this space. Inside the space of modular
forms, we may once more find Poincaré series. For m + n, > 0, they are defined as

follows:

1 ko
Pk (2) = (An(m—+n0)ty2Ulk (2, 5). (3-45)
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This is well-defined for k£ > 2. For k < 2, we need to make use of the analytic continu-
ation of L{a m, which works fine, except in the case & = 1, where one would need to go
to the residual function instead. However, we shall only require this when k£ > 2. From
Proposition (3.6.2), Corollary 3.6.5, and (3.42), we immediately recover the following

proposition.
Proposition 3.7.4. Let k > 2, m +nq > 0 and h € S(T',v). Then, we have
(Paims b = tn(a,m) - T(k —1). (3.46)
We shall also compute the Fourier expansion of the Poincaré series.

Proposition 3.7.5. Let k > 2 and m + ng > 0. Then, we have

k-1
(PYEkoe) (2) = Gap (4 (m+1ma))Fe((m+ na)2 +27TZ (47r\/ m+na)(n+nb))

n+np>0

S Ser (m,n; C)Jk;—l <4w\/(m+77a)<”+”b)) e((n+m)z), (347)

C
CECab

where for k = 2 the sum over c € Cqy is to be interpret as the limit”

Si’f(m, n;c) T <47r\/(m +nq)(n + 77[,)) .

620—1 c

lim
o—1t
Cecmh

Proof. We have (PYk|xow)(2) = (4m(m +14))F 1y~ 2 (Uam|ﬁab)( %). We shall make use

of the Fourier expansion (3.16). Suppose first that £ > 2. In this case, we are in the

region of absolute convergence of the non-holomorphic Poincaré series and we may just

o0

set s = % We shall evaluate B*(c, m,n, y, %) for k > 1.
k kN m .\ —k
B (C>m>n7y72)—/_ooe<_ic2(y_it)—nt> (y—zt) dt

2
= —ie(niy) / exp (_7r2m + 27mt> t*dt.
(v) ct

d Note that this limit exists due the Taylor expansion of the Bessel function around 0 and the fact that for

m +na,n +1np > 0 the Kloosterman zeta function Z{ ,(m, n; s) has no pole at s = 1.
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For n < 0, we may shift the contour all the way to the right and find that the integral is
arbitrarily small. Therefore, it must equal 0. For n > 0, we transform the contour into a
lock-hole contour

N N (0+)
B%(c,m,n,y,5) = —ie(niy)/

(0+)
= —ie(m’y)(QTrn)k_l/ exp <u — 16mn1> u—(k—l)dﬁ

2
exp (—;TQT + 27Tnt> tkdt

. 2 4u u
= 2me(niy) (%) o A <47r\éﬁ> ,
where we made use of (A.6). Inserting this equality yields (3.47). For k = 2, we may
proceed similarly. In this case, we may take the limit s — %Jr = 1% of each Fourier

coefficient. We find that B*(c,m, n,y, s) is an analytic function for Re(s) > 3. By using

the Taylor expansion, we find

d
B*(¢,m,n,y,s) = B¥(c,m,n,y, g) + (s— l)d— B*(¢,m,n,y, s)
S S:%
(s—1)* & K
— B
2 d82 8:5 (07 m? n7 y7 S)?

for some ¢ € [£, s]. We have

d2

@ Bk(caman7y75)

s=¢

_ 0 m Nk Nk 2 212

—00

= Omny(l).

It is crucial that the error is independent of c. By inserting this expansion, we find that
the first term gives us what we claim. We need to show that the other terms limit to 0.

From (3.13), we conclude that

k
\S;b (m,n;c)| 0 1
Z 28 — Yab s—1)/)"°

CGCayb

for s € R approaching 1*. Thus, the last term also limits to 0. For the second term, we

have
d

o
— Bk c,m,n,y, s :/ e (_m —nt> —it) " log(t? + ) dt
B, ( Y, s) \T@a (y — it) " log(t* + y°)

:/ e (—nt) (y—it)_klog(t2+y2)dt+0m7y (;2)

—0o0
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from which it follows that the second term also limits to 0, since for m + n4,n 4+, > 0,
the Kloosterman zeta function Z;”bk(m, n;s) admits an analytic continuation to some

half-plane Re(s) > 1 — ¢, for some small 6 > 0. O
Theorem 3.7.6 (Petersson trace formula). Let v be a multiplier system of weight k > 2 for
the group T and B} (T, v) be an orthonormal basis of S (T, v). Then, we have the identity

T(k—1)
(4 /(m + na) (n + 1) )1

Z pr(a, m)z/Jf(b,n)

feB{;(r,u)
Sv’k(myn;c) 4/ (m + n -+
= 0a,60m,n + 2 Z SR . Jp—1 ( Vi Za)( o) (3-48)
CECu,b

for m +mnq,n+np > 0, where for k = 2 the sum over c € Cqy is to be interpret as the limit

oc—1t C
CECa,h

) Sv’k(m,n;C) A/ (m + n+
lim Z a’bcza—l Jk—l( \/( 77a>( ) ‘

Proof. We shall evaluate (Pg v, Py :) in two ways. On the one hand, we have by using

the Fourier expansion of the Poincaré series (3.47) together with (3.46) that

(Pt Pty =T~ 1) (47 + na><n+nh>>k_1

SUF(m,n;c 4
X |:6a,b5m,n+271' Z M()qu( W\/(m+77a)(n+nb)>

C C

CGCuyh
On the other hand, we have
Pom(2) = > (Pam: )f(z) =T(k=1) > ¢s(a,m)f(z)
feBk(F,’U) fEBk(r,’U)
and thus

(PR Pomy =T(k—=1) > tpp(a,m)ips(b,n).
feBL(Tv)
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The situation for antiholomorphic modular forms is essentially the same as for holo-

morphic modular forms, except for the fact that everything is complex-conjugated.
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3.9 HECKE ALGEBRA

Definition 3.8.1. Let f : H — C be an antiholomorphic function. Then, f is called an
antiholomorphic modular form with respect to I' and v of weight k if and only if f is a
modular form with respect to I' and © of weight k. The space of antiholomorphic forms
with respect to T and v of weight & is denoted by My (T,v) = M, (T, 7). Similarly, f is
cuspidal if and only if f is and the space of antiholomorphic cusp forms with respect to

T and v of weight k is denoted by Si(T,v) = Sk (T, D).

What this means is, that the holomorphic counterpart definition of being a modular
function carries over to the antiholomorphic setting, if we define the slash operators for

antiholomorphic functions as follows:

(flen)(2) = §(7,2) " f(v2).

The Fourier expansion of an antiholomorphic modular form f € My(T,v) is given by

(flkoa)(z) = D wr(am)e((m +1a)2).

m+nqa<0

Complex conjugation shows

wf(a,m) = lﬁf(% —m— 51?8)'

The inner product on S, (T, v), respectively My, (T, v) for k < 1, is given by

_ ol p dzdy

We denote by B{(T',v) an orthonormal basis of this space. We also have a to Lemma

3.7.2 equivalent lemma.

Lemma 3.8.1. Let f(z) be an antiholomorphic modular form of weight k with respect to v and
I'. Then, yg f(z) is a Maass form of weight k = —k with respect to v and T with eigenvalue
E(1— %). This map further constitutes an isomorphism of vector spaces. In addition, y2 f(z) is

a cuspidal Maass form if and only if f(z) is an antiholomorphic cusp form.

3.9 HECKE ALGEBRA
The theory of Hecke operators finds its origin in a paper of Mordell [Mor17] who used

them to show multiplicative properties of the Fourier coefficients of the discriminant

modular form. However, the theory as we know it today was largely developed by
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3.9 HECKE ALGEBRA

Hecke [Hec37a, Hec3yb] and Petersson [Pet39a, Pet3gb, Pet40], with large contributions
coming from Atkin-Lehner [AL70], who introduced the notion of newforms. We shall
present here a theory of Hecke operators for arbitrary real weight, which was developed
by Wohlfahrt [Wohs7]. We shall see here that this theory has its difficulties, since it will
turn out that most operators will be identically zero. There is one important exception
to this, namely the half-integral weight modular forms. This case has been thoroughly
investigated by Shimura [Shi73].

In order to define Hecke operators, we need to consider the larger group &,;, whose

elements consists of all pairs (v,u) € SLa(R) x S! and the group law is given by

(v,u) o (7,v) = (yr,uwvok(y, 7)), V(v,u), (r,v) € &,4.

By making use of the relation (3.2), we easily see that this group law indeed turns &,
into a group with identity element (I, 1). We can now extend the definition of the slash

operators |, and |; for k = x mod(2) to elements of &,;:

fle(v,u) =7- floy  and  fli(y,u) =7 fly.

We see that v and (v, 1) induce the same operation and therefore we may identify them.
However, note that this does not give rise to a group embedding. Given a Fuchsian
group of the first kind I' and a multiplier system v for I' of weight . Then, we have a

group embedding
T = 6,,

v ti= (ne(y)-
We immediately see that a function being modular with respect to v and I' is equivalent

to fl.v* = f, respectively f|yy* = f, forall v € I

Definition 3.9.1. Let I be a Fuchsian group of the first kind and v a multiplier system
of weight . Then, the commensurator of T, respectively I'* is the set of all v € SLa(RR),

respectively ¢ € &,, such that I NyIy~! has finite index in T’ and Y[y ~!

, respectively
€r*¢~! has finite index in I™* and ¢I*¢1. The commensurator of T, respectively T'*, is

denoted by Zr, respectively Erx.

Elements ¢ € Er+ of the commensurator are of importance, since for them the double-
coset quotient I'* \ I'*¢T™* is of finite order and we may define operators |, I*¢T™* : H,. (T, v) —

H(T,v) and | I*ET* @ My (T, v) = M(T,v) as follows:

fILT = > flan, FRTer* = > flen.

neT* \ T*€T* neT* \ T*€r*
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3.9 HECKE ALGEBRA

We shall note here that |, [*{I* commutes with A, and |, I*{T* preserves the space of
cusp forms Si(T',v). The operators are in essence our Hecke operators. However, we

shall normalise them when we apply them to congruence subgroups.
Proposition 3.9.1. Let 7 € Ep and v € S. Then, £ = (7,v) € Er+ if and only if the kernel of
the character t : T N1~ 'T7 — St given by

) =22,

has finite index in T N 717, where we recall the conjugated multiplier system v™ from Pro-

VyeTTnr T,

position 3.2.5. In which case, the operators |, T*T* and | I*ET* are the zero operators, unless

t(y) =1forally e TUTITT.
Proof. See [Shiy3, Prop. 1.0]. O

From this proposition, we see that the multiplier system must be of special shape to

allow for non-trivial operators |, I*¢0™, |, I*ET.

Proposition 3.9.2. Let { € Er« and f,g € H.(T,v), or f,g € Sk(T',v). Then, we have

(fIT*ET*, g) = (f, gl T*ET™), respectively (f|xT*ET*, g) = (f, gk T"¢'T™).

Proof. See [Shiy1, Prop. 3.39]. O

It is further possible to consider the C-module generated by double cosets I'*¢I'™* with
¢ € Erx, which is denoted by R(I'*, Er«) and define a multiplication law on it, which is
consistent with the |,, operator. We refer the reader to [Shiy1, Chapter 3].

From here on, we only consider a special case of the general theory. We shall consider
the group I' = T'o(N), for some N € IN, with trivial multiplier system of weight 0. Note
that since & is integral, we have &,, = SLy(RR) x S! as groups and we may forget about

the second coordinate. It is easily verified that

{’Y € SLo (]R)

1
v = —=—==1 for some 7 € Matay2(Z) with det(r) >0 p C Er(n)-
det(7)

We define the Hecke operators as
0T = m ™3+ loTo (V) (VY™ 2 To(V)

KT = m [ To(N) (VY™ 2 ) To(V),
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3.9 HECKE ALGEBRA

A set of representatives of I'o(N) \ To(V) (1/ z)/m \/Oﬁ) I'o(N) may be given by

1 a b
N a,d € Nyad =m,(a,N)=1,b=0,...,d—1 ;. (3-49)
0 d

These operators commute with each other (see for example [Shiy1, Prop. 3.8]). Moreover,

they are multiplicative (see for example [Shiy1, Chapter 3.3]), i.e. we have
‘OTmn = |0Tm‘0Tn = |0Tn‘0Tm7 <TI’L,TL) = 17

and

‘kTmn = |kTm|kT = |an|kva (m’n) =1L

Since we have T'o (V) (1/?)/5 \/OE) T[o(N) =To(N) (\/OE 1/?/77) Io(N) for (m,N) =1, we
have by means of Proposition 3.9.2, that the operators |oT;, and |7}, for (m, N) =1 are
self-adjoint. Hence, we may simultaneously diagonalise the spaces Ho(I'o(N),1) and
Si(To(N),1). This is clear for the latter space as they are finite-dimensional. For the
former, we may diagonalise each eigenspace Ho(I'o(IV), 1, A). Recall, that this space is

finite-dimensional and that the Hecke operators commute with the Laplace-Beltrami

operator Ag.

Definition 3.9.2. A cusp form f € S(T'o(N),1) is called a Hecke eigenform if it is an
eigenfunction of all the Hecke operators |7, for (m,N) = 1. Analogously, a Maass
form f € Ho(T'o(N),1) is called a Hecke-Maass eigenform if it is an eigenfunction of all

the Hecke operators |¢7;, for (m,N) = 1.

The Hecke(-Maass) eigenforms fall into different categories, so-called oldforms and
newforms. We shall summarise the results of [AL70], but first we need to introduce

another operator, which increases the level.

Lemma 3.9.3. Let A,, denote the matrix (‘{)ﬁ ) /?/ﬁ). Then, |oA,, defines a map from
Ho(To(N),1) =Ho(To(nN),1) and |, Ay, defines a map from Si(To(N),1) = Sk(To(nN),1).
Moreover |oAy, respectively | Ay, commutes with all Hecke operators |oT,,, respectively |1y,

for (m,n) = 1.

Proof. The first part follows from A,To(nN)A; ! C To(N) and the second part follows
from the fact that conjugating the coset representatives (3.49) with A,, just permutes

them (b — bnmod(d)). O
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3.9 HECKE ALGEBRA

Theorem 3.9.4. The spaces Ho(To(N),1) and Si(To(N),1) split into an oldspace, which is
generated by Ho(To(M),1)|o Ay, respectively Si(To(M), 1)|oAn, where M runs over all proper
divisors of N and n over all divisors of &%, and its orthogonal complement the newspace. Each
Hecke(-Maass) eigenform either falls into the oldspace, in which case we call it an oldform, or
into the newspace, in which case we call it a newform. The whole of the oldspace is generated by
oldforms and every oldform is in the span of forms f|oA,, respectively f|iA,, where f is a fixed
newform of level M for some proper divisor of N and n runs over all the divisors of 4. Each
newform f is an eigenfunction of all the Hecke operators (including the ones dividing the level).

Moreover, if we denote by \¢(m) the eigenvalue of |oT), respectively |, T, then we have

S o0y En)na = = py(o0, 1) 3 Ap(n)n

n>1 n>1
= p(oo, £) [T (1 =2 )p~) ' TT (L= Ar(o)p~* +p72) ",
pIN PIN
respectively

Z ¢f(OO, n)nis = 1/Jf(00, 1) Z /\f(n)nfs

n>1 n>1
= ¢f(007 1) H (1 - )‘f(p)pis)il H (1 — )\f(n)pfs —|—pk71723>_1 ,
pIN pIN

formally. In particular, we have (oo, 1) # 0.
Proof. See [ALyo]. O

The size of the eigenvalues of the Hecke operators, or more generally the Fourier
coefficients of cusp forms, have remained a mystery for a long time. Many different
approaches have been fruitful for various cases. We refer to a survey article of Selberg
[Sel65]. More recently, tools of [-adic cohomology and functoriality of symmetric powers
of representations have entered the picture and they remain the most successful ap-
proaches when it comes to arithmetic groups. We shall record these bounds here. If f is
a Maass newform, then we have by the works of Kim-Sarnak [Kimo3] A\f(n) <. nfte,
where 0 = 6—74. In the case where f is a holomorphic newform, we have Af(n) <. nT e
by the works of Deligne [Del71, Del74] and Deligne-Serre [DS74].

In due course, we shall need an orthonormal basis of Hecke(—-Maass) eigenforms of the

space Ho(T'o(NN), 1), respectively S,.(I'o(N), 1). The basis we present here was computed
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3.9 HECKE ALGEBRA

by Blomer-Mili¢evi¢ [BM15b]¢. For a newform h of level M|N, we define the arithmetic

functions

1 )\h Xo(d Ale) = M(b)Xo(b)Q, B(c) = M(b)QXO(b)’
SRR g oo

where x( is the trivial character modulo M, and the multiplicative function u(c) is

(Z )\h(C)) _ pa(c)

AN )
ru(d)2(d/1)2B(d/1)’ ra(d)z(d/1)2 A(d)z
Let us write d = dids with d; square-free, dy square-full, and (dy,d2) = 1. Then, for I|d

defined by the equation

For l|d define

&l) =

define
€all) = &4, ((dr,1))&g, ((da, 1)) < d°. (3.50)
Then, an orthonormal basis of Ho(IT'o(N), 1) is given by
U U {h‘%z) = &ll) - hloA, dﬁ} (3.51)
M|N  hnew l|d
of level M
and an orthonormal basis of S, (I'o(N), 1) is given by
U U {fd(Z) = &ll)- fIrA d}&}. (3.52)
M|N  fnew l|d
of level M

We shall record here a bound for the Fourier coefficients of these orthonormal bases.
Let h be an L?-normalised Maass newform of level M |N and d| % Then, we have

Vnpya(co,n) = Z\[ﬁd Ah( )ph(ool)

I|(d,n)

< (nN)n?|pp(c0, 1) Y 127 (3.53)
I|(d,n)

1
N 2
<. (nN)n’ (M) (o0, 1)1,

where we have made use of (3.50) and A\, (n) <. n?*<. Since h is new of level N, but

normalised with respect to the inner product of level N (3.30), we further have

cosh(rty,) ) 2

on(oe, D] < (VL + ) (“2 (54

e Corrections can be found at http://www.uni-math.gwdg.de/blomer/corrections.pdf.
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which is due to Hoffstein—-Lockhart [HLg4]. If f is an L?-normalised holomorphic new-

form of level M|N, weight k, and d| %, then we have

Ya(oo,n) = 3 &l sz( )wf(oo 1)

l|(d,n)

< (nN)n"T [ihp (00, 1) Z 2 (3.55)
|(d,n)

< yn'? () (ool

where we have made use of the Deligne bound as well as (3.50). We further have the

bound

(4m)=
N%r(k)%( N)S, (3-56)

when h is new of level r, but normalised with respect to (3.44); see for example [Mico7,

W)h(OO, 1)| <

Pp- 41,42].

3.10 THE KUZNETSOV TRACE FORMULA

As previously mentioned, we shall derive the Kuznetsov trace formula from the pre-
trace formula and complete it with the Petersson trace formula. We shall restrict ourselves
to k € [0,2[. The case m + ng,n + 1, > 0 with a = b has already been worked out by
Proskurin [Proos]. One may easily adopt Proskurin’s method to account for the general
case by using Proposition 3.6.8 and Theorem 3.7.6 instead of the pre-trace formula given

there. One arrives at the following theorem.

Theorem 3.10.1. Let I' be a Fuchsian group of the first kind, v a multiplier system for I of
weight k € [0,2[, and a,b two cusps of . Let ¢ : [0,00[— C be a function with continuous

derivatives up to third order satisfying

6(0) =¢'(0) =0, ¢(z) < (x+1)717%, ¢(2),¢"(2),¢" (2) < (¢ + 1),

for some & > 0. Then, for m + ngq,n + 1y > 0, we have

Z SU’R(m, n; C) ¢<47r\/(m + na)(n + nb)

C

) = Hy(m,n; @) + Mz(m,n; ¢) + E5(m,n; d),

cECu,b

f We adopt the convention that if a Fourier coefficient is 0, then that summand is zero. This is only needed

when x = 0.
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where
1 —1)" 2" (k) _ -
Hg(m,n,@:f Qb (avm)w (b7n)¢(k_1)7
o= n%;d( )heB; WVm+77a)(n+77b)) R "
k>0
+110) (0 + 0p) ——— ~
Mimmsg)=4 30 MmO G 60,
heB (T,v)
/\h> (1—7)

Ex(m,m; @)= E / <n+”b>ir Z37(0,m; 5 +ir) sz(o,n;%-i-ir) o(r, K)dr
1 . 1 K . .
m +1a [(z+%5—ir) T(3+%5+ir) cosh(mr)

¢ sing.

Here, the transforms are given by
~ 00 d

50 = [ n@)o@) .
0 x

y /O - [cos (x5 +it)) () — cos (n(§ — it)) J_%t(x)p(x)df (357)
sinh(rt) (cosh(27t) 4 cos(mk)) T (3 — & 4+ it)[(5 — & —it)

The observant eye will notice that we have excluded the very bottom of the spectrum
and included it in the holomorphic contribution. We shall show that this was a valid

manoceuvre.

Proof. We have \, = §(1— %) <t = +i(5 — 3) and

o 1 » — /OOO cos (m (k—3)) Jnf1(iﬁ)¢($)%
OB (G = 2) ) =T e I (Cam) sin (7 (n = 1)) T — )T(T)
sin (k) -

¢(r—1)

™

2 cos (57)sin (m(1— k) T(1 — k)
= sin (57) T(x)p(r —1).

By invoking Lemma 3.5.2, we further have that 2 is holomorphic and the collection

of these functions form an orthonormal basis of S, (T, v), respectively M, (T',v) if k < 1.

Hence, by (3.42) we have

1> V(m + 7o) n+nb)ph(a,m)ph(b,7%)$(th)

hem i) cosh(7tp,)
Ah:%(lf%)

1 I'(x) P P~ 5
S O (o, m)(1 ).
ettt (/T n) )
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3.10 THE KUZNETSOV TRACE FORMULA

The above theorem is sufficient to spectrally expand sums of Kloosterman sums when
m + 1q and n + 7, have the same sign. However one might be interested in expressing the
negative Fourier coefficients geometrically. Unfortunately, Proskurin did not consider
the case x €] — 2, 0], so the case m + 1, n + 1, < 0 does not simply follow from complex

conjugation, but requires some work.

Theorem 3.10.2. Let I' be a Fuchsian group of the first kind, v a multiplier system for I of
weight k € [0,2[, and a,b two cusps of . Let ¢ : [0,00[— C be a function with continuous

derivatives up to third order satisfying

$(0) =¢'(0) =0, ¢(z) < (x+1)717°, ¢(2),¢"(2),¢" (2) < (¢ + 1),

for some 6 > 0. Then, for m + nq,n + 1y < 0, we have

2. SU’H(T?”; C)¢><47T\/(m 1) (n nb)) = A7 (m,n; @) + M5(m,n;¢) + E7(m, n; ¢),

Ceca,b ¢
where
k+k
1 (-1)7= T'(k) — -
Ag(man) Qb):* wh<aa m)1/1h(b,n)¢(k—1),
D W DT ey e
k>0
o (m+ n+n)———— -~
Miimoy=1 Y IO G )30, ),
heB,(Tv) h
Ap> ( R)

cmna 3 [ (sm) ORI 0
1 K 1 K ; ’
m + g I[(5—%5—ir) T(3—%5+ir) cosh(nr)

¢ sing.

and the transforms are given as in (3.57).

Proof. The case = 0 follows directly from Theorem 3.10.1 and complex conjugation.
Now, we consider the case  €]0, 2[. Our starting point is Theorem 3.10.1 with the multi-
plier system © of weight 2 — xk with entries —m — §3°, —n — 6° in the Kloosterman sum.
The transform is given by

3 | /O‘X’{COS( (255 4 it)) Jai(z) — cos (m(E5E — it)) J_gu(x )}(;5(33)?
H(t,2 — k) =im?
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Now, since A, > 25%(1 — 25%), we may apply the weight lowering operator A, to our

basis. By Lemmata 3.4.2, 3.5.1, this preserves the eigenvalue and, when restricted to a
fixed eigenvalue > 25%(1 — 23%), is an orthogonality preserving bijection. Furthermore,

we have for h € Bo_ (T, D) with A, > 255 (1 — 255):

[A2-whl* = (An = 255 (1 = 5%)) |||
. 2
= (B+ (-3 InP
and by Lemma 3.4.3 also

pacan(a—m = 5% = = (8 + (3% = 1)*) pn(a, —m — 67°)

Hence, we find by normalising that

MEF(—m — 67, —n — 67°, p)

R L e T (R S !

We also find that £27%(—m — 67, —n — 67°; ¢) is equal to

5 [ ()R 20 )
oo\ 1 T(;—5—ir) F(y—5+ir)  cosh(mr) -

¢sing.”

Hence, by complex conjugating, we conclude the proof of the theorem. O

The final case, where m + 1, > 0 and n + 1, < 0, is slightly easier to prove from
scratch. Nevertheless, there are quite a few convergence issues. The proof is essentially

a combination of the proofs of [DI83], [Proos], [Pro79], and [AA18].

Theorem 3.10.3. Let I' be a Fuchsian group of the first kind, v a multiplier system for T' of
weight k €] —2,2[, and a,b two cusps of T'. Let ¢ : [0, 00]— C be a function with continuous

derivatives up to third order satisfying

for some § > 0. Then, for m 4+ nq > 0, n+ 1, < 0, we have

> Sv’ﬁ(m’”;c)qb <4w\/(m+na)|n+776|> = M"%(m,n; ¢) + EX(m, n; §),

C C
CGCuyh
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where

Vst m)ln il (),

ME(m,n; @) =27 Z

W cosh(rtp,)
£5(m,n: ¢) = Z / m+ .| 2 (0,m; 5+ ir) Z50(0,m; 3 +Hir) &(r)dr
csmg oo | M+ 70 I($+%—ir) T(3-—%+ir) cosh(mr)’

and the transform is given by

o(r) = %cosh(m") /Ooo sz(a:)gb(x)d—x.

X

Remark 3.10.4. The only place where the third derivative of ¢ is used is at zero for the

Kontorovich-Lebedev inversion of ¢(z)/x, which may not be necessary altogether.

Proof. We will make use of Proposition 3.6.10 and the Kontorovich-Lebedev inversion
A.4.3. Let f(x) = 27 '¢(x). Then, f satisfies the conditions for the Kontorovich-Lebedev

inversion. However, before we proceed, we shall record a couple of bounds:

Koy(z) < e ™ (1+]log(x)]) (3.58)
/ Ko()o() o < Mt 21+ 1)~ (3.59)
20—2
/Kzt wq) <q+ ) g dg <q (14 [log(w)]) (1 +[¢])~2, (3.60)

where k,t € R with || < 2, 7,0,w,Q € RT with1 <o <1+ 1, w < Q, and some § > 0.
The first estimate (3.58) is rather standard. For the range || < 1 + z, we make use of the

integral representation (A.16):

Koy (1) = F(% + 2it) (2x) 2% /OOO ( cos(y) dy

NS y2+$2)§+2z’t
g | (71 siny) | Loy [0
<em / rdy + ; +(2+22t)/ —dy
o (y2+a22)2 (y%2 + 2?)2 — a+1 Y

—lt] 1 |t]
<e <1—Hog( )H—l—l—az)'

The range |t| > = > 1 follows from [BST13, Prop. 2] and the remaining range follows
from the Taylor expansion around = = 0, see [BST13, Section 3.1]. In order to prove the
second estimate (3.59), we argue similarly to [DI83, pp. 265,266]. We shall require the
integral representation (A.17):

1

L / 25=1475T (5 +it) T (5 — it) ds.
(1)

Koit(v) =

211
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3.10 THE KUZNETSOV TRACE FORMULA

We shift the contour to Re(s) = —1 — 7, where 7 = min{2, $}. Along the way, we pick
up two simple poles at s = +2it. We therefore find

KQ’it(x) — 22it—1x—2itr(2it) + 2—2it—1m2itr(_2it)

1
+ / 25 1a 7T (5 +it) T (5 —it) ds.
2 (—1-n) (2 ) (2 )
By inserting this, we arrive at
d o ;
/ Ko (x — = 2%t 1F(22t)/ P(x)z 2" 2dg
0

+2—22t II" 2“5 / ¢ 27,t de

/ /1 2 T (5 +t) T (5 —it) dsg(a)dz. (3.61)

The latter integral converges absolutely and hence we may exchange the order of integ-

ration. We recall ¢ has a zero of order at least two at x = 0. Hence, integrating by parts

/Oood)(x x5 2dx_/ ¢ (x)z="1d s+1/ ¢" ()~ dz,

where the first equality holds for —1 — § < Re(s) < 1,s # —1, and the second equality

shows

for =6 < Re(s) < 1,s # —1,0. By using this together with |['(£2it)| < (¢ sinh(27t))"2,
we find that the first two summands in (3.61) contribute at most O (e~ ™|¢t|=2(1 + |t|)_% ),
which is satisfactory. The third summand of (3.61) is equal to
9s—1T (512 t i
/ ( +1 S 2 - / ¢ S*ldxds
(1 s+ (G + Zt (5-

o0 (Cosh(27rt) + cosh(mu)) ™2
<y T T 7du
(14 Juf) (14 |2t —uf) T2 (1 + ]2t 4 ul) T2

<o e*ﬂ'ltl(l + M)*Qfg%—o(l)’

[

which completes the proof. The third estimate (3.60) is [Proos, Egs. (40),(42)].As the latter
lacks a proof, we give one here following the argument of the proof of [Proy9, Eq. (54)].
We first replace the K-Bessel function with the I-Bessel function by using (A.9)

™

Kit(wg) = 2 sinh(xt) [

Iit(wq) — I_it(wq)]

and further inserting the Taylor expansion (A.14)

[e'S) ( )iit+2m
Leir(wa) = Z r(2 1+mxit)
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3.10 THE KUZNETSOV TRACE FORMULA

The whole expression converges absolutely and we may exchange sum and integral. We

arrive at
1\ 202
/LKit(MI) (q + ) q" 'dg
> Ll . [ e o cos(0) 27 g
2smh mt) mzom Ir(l4+m—it) J_=

2

( >2m+zt
—t+i(2m+k 20—2
e | @ eos(e) d‘)]'

WP

N

Furthermore, we have for |t| > 1

(t+i(2m+k))0
2 (t+i(2m+k))0 20-2 ;0 € 202
/; ‘ (2eos(6))™ 7 db = gy (Beos(®)

T o(Et+i(2mtk))o o3 |
+2(20 —2) / B (2cos(6)) sin(6)df

M e—2) [F 1 (2c0s(8) sin(0)a0 < S
<<\t\—|—1+ (20 — )/0 ‘tH_l(cos( ) sin(0) <<|t|+1
by integration by parts. By further invoking Sterling’s approximation for the Gamma

function, the claimed bound for |¢| > 1 follows. When |t| < 1, one needs to group the
plus and the minus term as follows

WP

0=—

5l

(%)Qm_it — (%)2m+it / e(t+i(2m+n))€ (2 COS(Q))2U*2 do
W 2m+it 1 1 2
* (5) (r( ;

1+m—it) l"(l—l—m—}—it))/ﬂ

(%)2m+it ™ 2

[VE]

e(tHi(2m+r))0 (2 cos(@))%*2 do

R / (€(t+i(2m+ﬁ))9 B e(—t+i(2m+n))6) (2cos(0))27 2 d

[

and make use of the estimates

(3)" - (5) " < tes(3)]
1 1
T rmii) <"

T(1+m—it)

et — et <« 10,

to arrive at the same conclusion

We now proceed by multiplying the equality in Proposition 3.6.10 by

4 = d
7T2tsmh(271't)/0 K21t($)¢(x)7;2v

X
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3.10 THE KUZNETSOV TRACE FORMULA

and integrate ¢ from —oo to co. The left-hand side is absolutely convergent for o > 1 by
(3-58), (3.59), and (3.13). Thus we may exchange summation and integral. By applying
the Kontorovitch-Lebedev inversion A.4.3, we find that the left-hand side is equal to

(3.62)

1 S (M15¢) (e y/(m + 1) In + 1]
Z o1 © :
dmr/(m + na) |0+ 1| cecay € c
Since ¢(z) = O(z?) as x — 0, we find that this sum converges absolutely and uniformly
for o > 1. Thus, the limit 0 — 17 exists and is equal to its value at o = 1.
We shall argue as in [Proos] that the right-hand side converges absolutely uniformly
in1 < o < 1.01 as well. By applying the inequality between the arithmetic and geometric
mean, we find that the right-hand side is bounded by

dx

2

92 1-20 l—o * 4
(2m) ((m+ni)|n+m’|) . —Qtsinh(Qﬂ't)
oT (20 — 1) o

/000 Koir(z)¢(z)

X < Z (|ph(a7m)‘2+ ‘ph(b7n)’2)A(U+Ztaa_Ztvth)
heB.(Tv)

1 o ZU,H 0’ ;l . 2
1 Z/ 2o (Omip Tyt o —it,r)dr
—oo (M +10)[T(5 + 5 +ir)[2

L < 125y (0ms 5 +in)?
i ’ Ao +it,o —it,r)dr |dt. (3.6
Z /_oo In+ne|[T(5 — 5 +ir)|? ( ) (3.63)

¢ sing.

By using Propositions 3.6.8 and 3.6.9, we see that the right-hand side is finite for 1 <

1 20—2
/ Koit(wq) <q - > g tdg
L q

is < uw’Wfor0<w<Qand0<e<!and

/ tsinh(27t)

— 00

o < 1.01if

/ ¢ sinh(2rt) (e + it) Pdt

—00

| Kanla)o)

dzr

/Oo Koy (2)(2) 22| [T (e 4 it) Pt < o
0 X

Both are true by virtue of (3.59), (3.60), and Stirling approximation.

In the next step, we show that this convergence carries on to 1 < o < 1.01. We separate
the Maass forms for which ¢, ¢ R. There are only finitely many of them and for each
of them the limit o — 17 exists. The only problem arises when x = 0 and t, = %34, in
which case h is constant and thus h has Fourier coefficient py,(a, m) = 0 for non-zero m.

For t;,r € R, we have by Stirling approximation that

Aoy +it,o1 —it;r) < A(og +it,o90 —it;r), V1 <oy <09 <1.01,Ve,r €R.
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3.10 THE KUZNETSOV TRACE FORMULA

Hence, we have the proclaimed convergence. We further require another integral which

is recorded in [Proy9, Eq. (39)]

4 [°° > d > d
5 /_ AQit 1 =it r)tsinb(2n) /0 Koi(x)o() gt = 4 /0 Koy (@)(2)
T .
- cosh(wr)¢(r)'

By pulling the integral over ¢ in the inside, we find that the limit as ¢ — 17 of the

right-hand side is equal to

1

1 pr(a,m)pn(b,n) -
2 helg(r,v) cosh(rrtn) P+ 8v/(m +na)[n + 1]
- /°° mtna| " Zlfa’””go, m 3 +ir) foi,“l((ln; 3 ir) Jrydr
Csing. /o0 | T + 7% [(5+45—ir) T(3—%5+ir) cosh(mr)
Equating this with (3.62) yields the theorem. O

53






THE TWISTED LINNIK CONJECTURE

Cancellation in the sum
S;’f (m,n;c)

3 S e 4
Ceca,h
c<C
is inherently linked to analytic properties of the Kloosterman zeta function Z_*(m,n; s).
It can be shown that if there is a pole sy in the half-plane Re(s) > i, then s is real
and there is a Maass form with eigenvalue so(1 — s9). Conversely, one can show that
if there is a Maass form with eigenvalue so(1 — sp), then there is an n € Z such that
Z3% 5 (n,n; s) has a pole at s = sg. Consequently, if one can show that (4.1) is O(C?),

then the smallest eigenvalue is at least % — t2. This is how Selberg [Sel65] showed that

3

for congruence subgroups the smallest eigenvalue is at least j,

by invoking the Weil
bound for the (classical) Kloosterman sums. If one were to consider a smooth cut-off in
(4.1) instead of a sharp cut-off the above discussion becomes an equivalence.

Taking into account that the (classical) Kloosterman sums are thought to undergo
random sign changes, one ought to believe that the sum (4.1) is C°(") and hence the
smallest eigenvalue is at least 1 for congruence subgroups. The latter is know as the
Selberg eigenvalue conjecture and the former as the Linnik-Selberg conjecture on sums

of Kloosterman sums. We shall state the latter conjecture with the necessary e safety

factor, which was pointed out by Sarnak-Tsimerman [STog].

Conjecture 4.0.1. Let m,n € IN. Then, we have

> D) o mncy

c<C

The range C' > /mn is known as the Linnik range and the range C' < y/mn is known
as the Selberg range. The latter poses much more difficulty than the former as we shall

see. The first and basically the only improvement over what the Weil bound tells you
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THE TWISTED LINNIK CONJECTURE

was achieved by Kuznetsov [Kuz8o] by establishing and exploiting his eponymous trace

formula. He showed

> S o chioga0),
c<C ¢
The dependence on m,n, although not stated, can be made explicit in a trivial manner
by adding the term (mn)i“. This comes from estimating the Selberg range trivially.
Sarnak-Tsimerman [STog] improved upon this. They showed
Z S(m.nie) < (mnC)* (C% + (mn)% + (m —l—n)%(mn)g) :
c<C ¢
This result has been further generalised by Ganguly-Sengupta [GS12] to arithmetic
progressions ¢ = O0mod(N) and by Blomer-Mili¢evi¢ [BM15a] to progressions ¢ =
amod(N) with (a, N) = 1. Motivated by an application to intrinsic Diophantine ap-

proximation, which we shall learn more about in Section 6.3, Browning-Kumaraswamy-—

Steiner [BKS17] have proposed the following extension of the Linnik-Selberg conjecture.

Conjecture 4.0.2 (Twisted Linnik-Selberg). Let B > 1 and let m,n € Z be non-zero. Let
N € Nand let a € Z/NZ. Then, for any o € [—B, B] we have

5 Sm,nic) <2ma>

c <<67NvB (’mn‘c)67
c<C

c=amod N
for any e > 0.
In this chapter, we shall recollect the progress that has been made towards this conjec-
ture by the author in [Ste17]. Let us introduce some simplifying notation: /' < G means
|F| < K (CmnN(1+ |a]))°G for some positive constant K., depending on ¢, and every

€ > 0. The main theorem of [Ste17] reads as follows.

Theorem 4.0.1. Let C > 1, « € R, N € N, and m,n € Z with mn >0, (m,n,N) =1, and
N < min{(mn)1,C2}. Then, we have

> S(m,nie) (2\/ma)

c<C
c=0mod(N)
vmn - pp(00,m)pp (o0, n / dx
2 Y ZOC.Z’
+em Z cos(mlty|) VTR 2l (@) x
heBo(To(N),1)
tr€i[0,6]
C (mn)s  mi(m,N)i +ni(n,N)s
5 mn)s  mi(m, ni(n,
N71+(1+|O‘|3) 53— T+ T
3 N3 N2
, {(mn)é+g(mn,]\7)é (mn)1(mn N)zll}
+ min T ) )
Nz N
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THE TWISTED LINNIK CONJECTURE

where Yy is the Bessel function of the second kind of order t and 0 is the best known progress

towards the Ramanujan—Selberg conjecture.

A few remarks about this theorem are in order. First, we should remark that one
has 6 < ; by the work of Kim-Sarnak [Kimo3]. Next, we observe the appearance of a
main term, which is contrary to [GS12]. Indeed, the latter has an erroneous treatment
of the exceptional spectrum®. One may further analyse the main term by making use
of asymptotics of the Bessel function of the second kind Y;(y) for y — 0. However, the
reader familiar with Bessel functions may know that these asymptotics behave quite
differently for ¢ = 0 and ¢ > 0 and therefore it would generate uniformity issues in the
parameter N. One may also bound the main term altogether. In this case, one gets the

following corollary.

Corollary 4.0.2. Assume the same assumptions as in Theorem 4.0.1. Then

S SOnﬂuc)e<2Vﬁnna>

c<C ¢
c=0mod(N)
ct (mn)o | m'(m, N)& +ni(n, N)
6 6 4 4 4 4
ST 4 O 4 (14 |af3) s A R TR
N3 N3 N2
. {( )5"2 (mn, N)s <mn>i<mn,N>i}

+ min I ,

Nz N

As far as the restrictions go in Theorem 4.0.1, they are not very limiting. Indeed, if N >
C %, then the Weil bound, which gives the bound N~1C %J“E, is more than sufficient, and
if (mn)i <N C%, then one is automatically in the easier Linnik range and for instance
the holomorphic contribution is negligible. One may also consider mn < 0, which would
lead one to analyse different Bessel transforms; or incorporate the further restriction
¢ = amod(N') with (a, N') = 1 as in [BM15a]. However, for the latter, if one follows
the simplification suggested by Kiral-Young [KY17], then an analogue to Proposition
4.3.1 for the group T'o(N) NT1(N') is required. In fact, the associated Kloosterman sums
for this group admit further cancellation as can be seen in [Hum16], thereby leading to

stronger results in terms of the parameter N'.

The compact domain to which they apply the mean value theorem of calculus varies and this may not be
circumvented, since if the exceptional spectrum is non-empty, then the function they consider has a pole at

0.
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For |a| < 1, one may improve Theorem 4.0.1 slightly, thereby recovering the results of
[STog] and [GS12].

Theorem 4.0.3. Let C > 1, « € R with |a] < 1, N € N and m,n € Z with mn > 0
N << mm{(mn) Cz} and (m,n, N) = 1. Then, we have

S S(m,nie) <2\/ma>

c<C ¢
c¢=0mod(N)
vmn - pp (00, m)pp(co,n / dx
2 Y Oél'i
e Z cos(mlty|) TR 2len) ()€ x
heBo(To(N),1)
t, €4[0,0]
1 11 1 1 11 1
<a- |a|>‘5‘6<m8(m’ A el th min{wn)? L N)E e )2 }
Ni Ni
Cs  (mn)s , (mn)ﬁJrgff (mn,N)16 (mn)i(mn, N)1
+ r +——5— +min 1 )
N3 N3 N1 N
and

C Cc
c<C
c=0mod(N)
8 8 8 8 2] 8 8 8 8
5(1—\0«\)-2-6(”‘ e min{<mn>2,m L }
N1 N1
1 1 1 36 1 1 1
Cs mn)e i %677 (mn,N)16 (mn)i(mn,N)1
PN ID +mm{< 1515 (mn, N)T6 (mn)( )}>+Cze
N3 3 Ni N

Rather than proving 4.0.1 directly, we shall prove a dyadic version thereof from which
we may deduce Theorem 4.0.1.

Theorem 4.0.4. Let « € R, N € N and m,n € Z with mn > 0 and (m,n, N) = 1. Assume
N < mln{(mn) Cz} Then, we have

> S(m,nie) (2\/Ma)

&
C<c<2C
c=0mod(N)

vmn - pp (00, m)pp (0o, n) dx
+2r ) pa(oo,m) YQW W?

nEBo(To(N).1) cos(rital)
thei[o,e]

1 1 1 1 1 1
<C (14| |)( n)z  mi(m,N)1+ni(n,N)1
~ N3 c N3

{(mn)g+é(mn,]\7)é (mn)1(mn, N)1 }
+ min T )
Nz N
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For |a| < 1, we can do slightly better:

> S(m,nse) (2\/ma>

c
C<ce<2C
c¢=0mod(N)
b's
vm o
+ 27 Z ph(OO m)ph(oo n) / Y2\th|($)elax£
cos(mlty|) X x
heBy(To(N),1) 2
thEi[O,G]
1 1 1 1 1 1 1 1
S 1y PR i g, 2R
Ni N1
Cs  (mn): _ (mn)¥+1%(mn,]\7)% (mn)1(mn, N)1
+—+ + min T ;
N3 C Ni N

The proof is taken straight from the author’s work [Ste17] and follows the argument
of [STog] and [GS12]. We replace the sharp cut-off with a smooth cut-off and use the
Kuznetsov trace formula. We shall restate the Kuznetsov trace formula 3.10.1 for the

Fuchsian group T'o(N) with trivial multiplier system of weight 0.

Proposition 4.0.5 (Kuznetsov trace formula). Let N € IN and m,n € Z be two integers

with mn > 0. Then, for any C3-class function f with compact support in |0, oo| one has

C
c=0mod(N)

where

1 (—1)5T(k) -
HN mvn;f = 1'¢ m| w 0, N f k_l )
| ) Trko%d(z)hesk(%:( N),1) (4my/mn)*= h( mlentoc i )

k>0

My(mns f) =t 30— Tl (oo Inl) Fit),

heBotrey ),1) cosh(rtp,)
zt ~
(m,n; f) = Z / (0 |m| + Zt)Zlo (0, |nl; % +it) f(t)dt
¢ sing.

and the transforms are given by
foy = [ dy
fr= [ rwiw
S 7 ® Jait(x) — J_oi(x) dx
f(t) = = /0 5 fz)=.

sinh(7rt)

59



THE TWISTED LINNIK CONJECTURE

We set f(z) = e'*®g(x) with g smooth real-valued bump function satisfying the fol-

lowing properties

2w/ mn <p< 4w/ mn
C - c
2w/ mn 47\ /mn
> 2
T and z > o7 (4.2)

g(z) =1 for

g(z) =0forz <
19l < 1and [lg"]h < ~=—
1 1 X 'T7

where

X:47rvcmnand1§T§g

is a parameter to be chosen at a later point. Note that we have Suppg C [¥,2X]. We
now wish to compare the smooth sum

> S(m,nic) <4ﬂma>

c

(4-3)
c=0mod(N)

with the sharp cut-off in Theorem 4.0.4. By making use of the Weil bound for the Kloost-
erman sum, we find that their difference is bounded by

Z %|S(m,n;c)|§ Z ﬂ(m,n,c)%

C
C—T<c<C or C—-T<c<C or
20<c<20+2T, 20<c<2C+2T
c=0mod(N) c¢=0mod(N)

el(mmn) E=L</< C of (44)
20 coic QCJ\J;:T

1+ L
Ne

e

9
3z

Now, we apply the Kuznetsov trace formula (see Proposition 4.0.5) to the smooth sum

(4-3). This leads to the expression

C
c=0mod(N)
We shall deal with each of these terms separately. In what follows, we shall use many
estimates on the Bessel transforms of f, which we shall summarise here, but postpone

their proof until Section 4.5.
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4.1 THE CONTINUOUS SPECTRUM

Lemma 4.0.6. Let f be as in (4.2). Then, we have

. T <<1+|10g(X)|+10g+(|a|)

(), ft , vVt € R, (4.5)
(0,7 14 X2 4 |[a2 12X 2
. 1 X - T 1
f(Zt) = —5 /)2( th(x)ezax?x + 06’5 <]. + CX2t6> 5 YO0 <t< 1 - 5, (46)
where log™ (x) = max{0,log(x)}. For t > 8, we have
3 d 1 2
| 2070 < M gamt) 72 @7
t_t% dy 2
| 0% <y (GO0 (6) £ g0, 48)
t+13 dy X
/t i Jt(y)f(y)g < g o (X)W /16,3x7 (1) - 177, (4.9)
—t3

1
t+t3 Yy

/ Jt(y)f(y)@ < o (X)W 3 /2 () ¢~ min {1 +11— o], <f) 2} ; (4.10)

where 11 is the characteristic function of the interval Z. Finally, when |t| > 1 and either |t| ¢

[1%”042 _ 1|%X,2||a|2 - 1|%X] or || < 1 we have

Pty < ol <1+mm{<‘ ‘)1 lof? — 1~ (ﬁj)}) (4.12)
Fio) < e (1+mm{(| |>3 lof? — 11 <‘f‘)}> (4.12)

One should mention that similar estimates have been derived previously by Jutila

[Jutgo] for a slightly different class of functions and ranges.

4.1 THE CONTINUOUS SPECTRUM

The goal of this section is to prove the following bound on the continuous contribution

En(m,n; f) S 1. (4.13)
For this endeavour, we require the following lemma.

Lemma 4.1.1. Let N = N, N2 with N, square-free and let m, n positive integers. We have

it
3 (ﬁ) 250(0,m; 3 +it) ZL0(0,n; L + i)
¢ sing. m
(m, NoNo)2 (n, N,Np) 2

mnN (1 +|t]))¢.
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4.2 THE HOLOMORPHIC SPECTRUM

Proof. This is part of [BM15a, Lemma 1].

Substituting this inequality into (4.13) yields the bound

En(m,n; f) S (1+ [¢)[F(2)]dt

(m, N,Ng)2 (n, N,Ng) 2 /°°
N, NG

—00

S [ asiife

—0o0

We split the integral up into three parts:

T = #[Hla? - 12X, 2]|af? - 12 X],
I, =[- max{l,Xi},max{l,Xi}]\Il,
I3 = :I:[max{l,X%},oo[\Il.

For 7;, we use (4.5) and arrive at

dt

€T 61+“Og(X)‘+lOg+(|OéD
[ o< [ e S

Le (L4 X) (L +a])*(1+ [log(X)| + log™ (al))

<1

For 7Z,, we use (4.5) again and arrive at

/(1+\t)€|f(t)‘dt <<€/ (1_|_’t’)el‘l’“Og(X)|+llOg+(|oz|)dt
2 Iy 1+ X2

<e (14 X)“(1+ [log(X)[ +1log™ (Jal))
<1

For 73, we use (4.11) and arrive at

/13(1+ 1E)EIf ()] dt <o /IS |2t (1 + <ﬁf|>;> dt

< min{1, X_%'“} Xz min{1, X_%+E}

<1

This concludes the proof of (4.13).

4.2 THE HOLOMORPHIC SPECTRUM

The goal of this section is to prove the following inequality:
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4.2 THE HOLOMORPHIC SPECTRUM

Ha(myn; f) S 1+ X. (4.14)

In order to prove this inequality, we choose our orthonormal basis as in (3.52). Then,

Hn(m,n; f) is equal to and further bounded by

> > Z 47rF (00, m)dya (oo, n) f(k — 1)

k=0mod(2) M|N hnew g N
k>0 of level M ' M

s Y XYY ZM“MIW( DU 1)

k=0mod(2) M|[N hnew g
k>0 of level M ' M

DYDY flf(k‘—l)l

k=0mod(2) M|N hnew
E>0 of level M

DD S VIR VI

k=0mod(2)
k>0

1

where we have made use of (3.55), (3.56), and dim S,(Io(M),1) S Mk (see Proposition
3.7.1). We split up the latter sum into £ < 9 and k£ > 9. By using (4.5), we find
Yo Rk — 1) < 1+ [log(X)| +log" (Ja]) S 1
k=0mod(2)
9>k>0

We also find
> kTR -1) S Si+ S+ S5+ Sy,

k=0mod(2)
k>9
where s
1+e 2 dy
Si= Y, ok Je—1 () F(y)—1
k=0mod(2) 0 y
k>9
(k—1)—(k—1)3 d
s= > W[ T ) 2|,
k=0mod(2) 2 y
k>9
(k=1)+(k-1)% J
si= > wr|f L D))
k=0mod(2) (k=1)=(k-1)3 y
k>9
o d
Si= Y, kl“/ W) )Y
k=0mod(2) (k=1)+(k-1)3 y
k>9

By using (4.7), we find

1 2
S <e Yy krteiF < 1.
k>9
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4.3 THE NON-HOLOMORPHIC SPECTRUM

By using (4.8), we find

S<e >, ES14+X
X/3<k—1<4X
By using (4.9), we find

S3<e > K S1+X.
3X/16<k—1<3X
By using (4.10), we find

(X
Si<e >,k (k) <1+X.
3X/2>k—1>8

The claimed inequality (4.14) now follows.

4.3 THE NON-HOLOMORPHIC SPECTRUM

In this section, we shall prove the following two estimates

vm 00, M 00, M dx
MN(m7 3 f) + 27 Z ph( ph / YQ\th 104557
cos(mlty]|) x
heBy(To(N),1)
tn€1[0,0]

1 1 1 1 1
S (§>2 +(1+ o) X + <1+2X_29> <1+ m (m, N)¥ + ni(n, )

Nz ’ N

+min{(mn)2+8(mn,N)8 (mn)4(mn,N)4}> (4.15)

and for |a| < 1 also

My (m,n; f) + 27 Z Vi - pn (00, m)p

heBoTalN)L) cos(w\th|
£, €i[0,0]

C\ 2 T
C 14 L 520
(7) + (e ex)

= b
A
3
3
S~—
—
S
o
=
—
8
SN—
m@
Q
8
Iy
8

<S(1—laf)"2¢

X<1+ m# (m, N + n# (n, N)s .{(mn)g’mé(m,N)éJrné(n,N
1
16

We shall require the following proposition.

Proposition 4.3.1. Let A > 1 and n € IN. Then, we have
Z L|ph(oo,n)\2 <e A2—|—\]/vﬁ(n,N)é(nN)E.

heBotTe (). 1) cosh(7tp,)
[th|<A
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4.3 THE NON-HOLOMORPHIC SPECTRUM

Proof. For the full modular group, this is due to Kuznetsov [Kuz8o, Eq. (5.19)] and only
minor modifications yield the above, see for example [Top16, Lemma 2.9] or [GS12,

Theorem g]. O

Let us first prove (4.15). We split the summation over ¢, in My (m,n; f) into various

ranges 71, ...,Z,, which are treated individually. They are
I, = [O,max{l,X%H ,
T, = [llaf? — 13X, 2ol - 15X]\T,,
I3 = [max{l,X%} ,oo[\IQ,

) 1
I4:Z|:0,2:|.

The first way to treat the range 7; is to choose the basis (3.51) and use (3.53) as well

as (3.54):
vmn —— ~
Z cosh(ﬂth)ph(oo’m)ph(oo’n) (tn)
hEBo ro )
thely

1 -~
Smn)’ > gr X () s F(0)
MIN = heBo(To(N),1) 4| ¥ !

th€Zy
new of level M

Next, we use (4.5) to bound the transform and a uniform Weyl law to bound the number
of Maass forms h of level M with ¢, < T by M'*<T? (see for example [Pal12, Corollary
3.2.3.]). We arrive at the bound

< (mn)? (1 —|—X%> ) (4.17)
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4.3 THE NON-HOLOMORPHIC SPECTRUM

A second way to treat the range 7; is to apply the Cauchy-Schwarz inequality in con-
junction with Proposition 4.3.1 and (4.5):

3 mh(%mo,mmo,n) Ftn)
heBy(To(N),1)

ty €Z1

[N
[N

m n ~
< Y. s lon(co,m))? Y. —arlei(co,n) P sup [F(2)]
heBo(To(N),1) cosh(rts) heBy(To(N),1) cosh(rts) €
th€ly th€ly
1 1
2 71
5(1+X—|—m(m,1\7)§ <1+X+\/ﬁ(n,N)é) .
N N 1+ X2
<14 x4 P N)E AR (0 N)T () (mn, )T
N2 N(1+X2z)
(4.18)
We treat the range 7, in exactly the same manner and arrive at the inequalities
L \2
5 R ,(1+ a2 =15 X)
cosh () M) f (tn) 5 (mn) 1
= cosh Trth 1+ la)?=12X (4-19)
< (mn)’ (1 + [|af? - 1|%X)
and
vmn ———— -~
—————pn(00,m)pn (00, n) f(tn)
cosh(rtp,)
heBy ro(N),l)
th€Zo
m1 (m,N)1 nd (n,N)1
(1+ o = 1p2x ) (3 o - gjip 4 i) (0.20)
< N3 Nz 4
~ 14+ X2+ [jo)2— 12X
1 1 1 1 1 1
1 Nz 1(n,N)s 1 N)sz
<t flaf2 = 1fhx 4 M N)E A i (0, N)E | () (mn, N)¥
N3 N(1+ [la2 = 1[3X)
We further split the range 73 into the dyadic ranges
T3(1) = [2 max{l,X%}, 9+l max{l,X%}]\Ig, [>0.
Again, we can estimate
> |on(00,m)pn (00, n)| S (mn)?’2% (1 + X) (4.21)
cosh(wth)
heBy(To(N),1)
th€Zs(1)
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4.3 THE NON-HOLOMORPHIC SPECTRUM

and

vmn

3 ]ph(oo,m)ph(oo,n)]
cosh(mty)
heBo(To(N),1)

theZz(l)

1 1 1 1 1 1

<221+ X) + 2 (1 +X%) mit (m, N1 —tm (m, N} + (mn)i (mn, N3 , (4.22)
Nz N
However, this time we use (4.11) and (4.12) to deal with the transform. We have
. 5 3 1

~ min { 22114(1)5{,;() ) % 24116;1()2()2 } ) for l g logz(max{l, X2 })a

sup [f(t)] S (4.23)

tGIS(l) . . c X )
min { 23 x0d Todlax [’ for | > logy(max{1, Xz}).

By combining (4.21), (4.22) and (4.23), we find that the contribution stemming from

1< 1og2(max{1,X%}) is

S > <1+X%JFQ—Z’T”(”’”’]V)ELJr”‘ll(”’N)i

1
I<log,(max{1,X2})

5 Z g %+627§l+2*émi(m7N)%—tni(n’N)i
1 T N2
I>log, (max{1,X2})

041 Nl 1 Nl
+25mm{<mn>2 (mn, >s7<mn>4<ﬁn, )i )
N2

N ’ N

N[

- <C>5 mi(m,N)i +ni(n,N)i +min{(mn)§+é(mn,z\/)é (mn)i(mmw)i}’

(4-25)

for a sufficiently small § > 0.
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4.3 THE NON-HOLOMORPHIC SPECTRUM

For the contribution from Z4, we first note that we have |¢;| < 6 for t;, € Z, by [Kimo3].

We insert (4.6) and find further that

mn ————— 1 X i AT T _ e
iy e (o) =5 [, Yan (@) 40, (14 X0

cosh(rty,
hEBQ FO ) 2
thE’L[O 9]
Vm (0o, n dz
— _9on Z Ph( / Y2|th\ wzac =
COS(W‘th’ x
hEBo(ro( ) ) 2
t, €1[0,0]
T H(m N)3 4 ni(n,N)i | (mn)i(mn, N)3
Oe <<1 + X_29_€> min {(mn)a, 1+ maim, T " + mn mn, }) .
C N2 N

(4.26)

Combining the minimum of (4.17) and (4.18), the minimum of (4.19) and (4.20), (4.24),

(4.25), and (4.26) gives (4.15).

Let us now turn our attention to (4.16). This time, we split up into the intervals

Il - [071]a

ZQZ [1,00[,
. 1

ZgZ’L |:0,2:| .

By making use of (4.5), we find that the contribution from 7; is bounded by

(4-27)

mi(m,N)i +ni(n,N)i . (mn)# (mn, N)i }
- .

3

< min {(mn)a, 1+

As before, we split up Z» into dyadic ranges Z»(1) = [2!,2!"!],1 > 0 and use
I . -1 ,é C 3 5l
sup [f(#)] S min ¢ (1-a])71272", (1~ |af) 71272 ¢,
teZs (1) T

which follows from (4.11) and (4.12). Hence, we find that the contribution from Z; is

bounded by
1
C §+5
<(—laf)722 (<) 90l
T
1>0
mind oy 20smE EOm N b, ) EE i m, N 4 )Y
Nit2 NI
30 (mn)%ﬁf%(mn N)leﬂr% (mn)%(mn N)% ,
T L kas LR Las PR ULIR LR
N1+5 N
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4.4 PUTTING EVERYTHING TOGETHER

which is
<(1- ra>%6(m

for § > 0 small enough. The contribution from Z3 is the same as in (4.26). Combining

ol
3
=
ool=
+
3
=
Bl
3
=

(4.27), (4.28), and (4.26) gives (4.16).

4.4 PUTTING EVERYTHING TOGETHER

In order to show Theorem 4.0.4, we add up all the inequalities (4.4), (4.13), (4.14), (4.15)
respectively (4.16), and make the choice T' = O(N iC %), which is allowed since N <«
min{(mn) 1,02 }. One may note that we have

(m,n)?

Ve

N|=

<X2<14X

and

gx—% < N5790C2=5 . N (mn) 0 < 1.

Theorem 4.0.1 follows at once by estimating the range ¢ < (1 + |a|§)N 3 (mn)% trivially

using the Weil bound, which gives

|5(m, m; c) (<1+Ia|§)N§(mn)§)5

1
< < (1+ |a % (mn)6 .
22 , ) c ~ N ~ ( | | ) N%
c<(14+|a|3)N3 (mn)3
c=0mod(N)

For the remaining range (1 + \a\g)N g(mn)% < ¢ < C, we use Theorem 4.0.4. Further-

more, note that
o0 dac o0 3
/ |Y2t($)‘7 < / T 2dr < 1
1 € 1

uniformly for ¢ < 6 and hence we have

Z vmn - pp (o0, m)pp (0o, n) /loo Yz\thl(@emrdg

heBo(To(N),1) cos(7[tnl)

tn€1[0,0]

N

1 1 1 1 1 1
1 N)a i(n,N)4 1 N)i
5min{(mn)0,1+m4(m’ Ji +mi(n, N)s +(mn)4(]1\7[m, )4}
N
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4.5 TRANSFORM ESTIMATES

This proves Theorem 4.0.1. In order to prove Corollary 4.0.2, we need to show

OO n
Z Vv m ph( /Y2|th wza: 029
cos(7r|th] x
h€Bo(To(N),1)
t}LEi[O,H]

when C > /mn. This follows from the two estimates

1
/ ’YQt ‘7 <<€/ 7207175dm <<6 X72976
and
Z vmn - |pp (0o, m) pp (o0, n)| <. (mn)?*e.
cos(mlty|)
he€By(To(N),1)
tn€i[0,6]

Theorem 4.0.3 is proved analogously.

4.5 TRANSFORM ESTIMATES

In this section, we prove the claimed upper bounds in Lemma 4.0.6 on the transforms
of f. Since all the estimates are very different in nature, we split them up into multiple
lemmata. We generally follow the arguments of [STog] and [DI83], but tweak them to
account for our introduced twist. First, we shall need two preliminary lemmata, which

will be used frequently.

Lemma 4.5.1. Let F,G € C([A, B],C) with G having a continuous derivative. Then,

c
/ F(x)dx|.
A
Proof. We integrate by parts and find

/F dx—/AB (x)dz-G(B // z)dz - G'(y)dy,

from which the first statement is trivially deduced. O

z)dz| < ([|Glloo +[IG"][1) sup

Ce[A,B|

Lemma 4.5.2. Let G, H € C*([A, B],C) and assume G has a zero and H' has at most K zeros.
Then, we have

IGH oo + I(GH)'[lh <k |G |11 H||o-
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4.5 TRANSFORM ESTIMATES

Proof. We have [|GH| s < ||G|lxl/H|lcoc and [|G|lc < ||G'|l1 since we have G(b) =

f; G’ (z)dz, where a is a zero of G. Furthermore, we have
(GH) |1 < IG'H|h + IGH' [y < G 11 H || + [1Gllso [ H 'l < 1G Nl (H |oo + [[H]]1)

and

1]l < 2(K + 1)[| H |

by splitting up the integral into intervals on which H’ has a constant sign. O

Lemma 4.5.3. Let f be as in (4.2) and || < 1. Then, we have

= 14 |log(X)|

ft) < , VteR.
1+ X2 41— |a?]2X

Proof. We follow the proof of [DI83, Lemma 7.1] and [STog, Prop. 5]. To prove the first

statement we use the Bessel representation (A.11)

2
Jt(l’) 1 / ei(xsinfftf)dé-'
0

T o

Integration by parts yields

/ eixsinﬁf(‘r) dr = / eiz(sin£+a)g(m> dr
0 0

X xr

. 0o /
= — ¢ / eiaz(sin£+o¢) <g(.%')> dx
sin + a Jy T

< min {1, X siné+a|'}.
Hence, we find

2
f(®) <</0 min {1, X |sin¢ 4+ o'} d€.

Now, clearly f(t) < 1. For X > 1, we can do better though. We have |sin¢ + a| >

||sin¢| — |a||. Thus, we may assume £ € [0, 5] and o > 0. Set a = sin ¢ with ¢ € [0, 7].

sin —a = 2sin (H> sin <7T_§_¢)) .
2 2

Now, for z € [-F, 5] we have |sin(x)| < |z|. Thus,

Then, we have

fir) < /O min {1, X1¢ — g Vr— & — ¢y de
< /O min {1, X1¢ — | YT — |71, X1 — ¢ 2} de

1+ log(X) Xé}

< min — ,
{ 5 —9lX

Now, we just have to note that 5 — ¢ < sin(§ — ¢) = /1 —|a|?. O
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4.5 TRANSFORM ESTIMATES

Lemma 4.5.4. Let f be as in (4.2) and || > 1. Then, we have

~ 14 |log(X)|

f(t) < , VteR.
14+ X2 + o2 — 12X

Proof. As before, we find f(¢) < 1 and for X > 1 we have

fie) < [ min {1,X (| - [sing)) '} de
0
< [Fmin {1,671 ol = 1+ 15 - )} dg
0

< [T min {1 X7 (ol = )7 XM ol =) HG -9 X (5 -0 e

1 14 log(X
< min s Og(l ) x-3 L,
o] =1 X7 ||o) — 12X

O

We also require some more refined estimates. For this, we consider the different re-

gions of the J-Bessel function.

Lemma 4.5.5. Let f as in 4.2 and || < 1. Then, we have for t > 8

t—t% d 2
[ Jt(y)f(y)zy < D oo (X)W 3,0 (1) -t (log (1)) 3,

t+t?1§ dy .
|y 2070 <y () s a0

=

1
+3

> d B 1 (X
/t Jt(y)f(y)?y<< U1 oo (X) T35 /2 () - ¢ lmln{|1—|0<|| 1 (t)

: } , (4.29)

Proof. We require some uniform estimates on the J-Bessel functions of real order. For

where 1z is the characteristic function of the interval .

small argument, we have exponential decay:

e—tF(O,x/t)
0 < Ji(z) < T , Vo <d, (4.30)
(1—(x/t)2)72xt

where F'(0,z) = log ( Lvize” V;_”ﬂ) — V1 —22. The left-hand side follows from the fact that

the first zero of the Bessel function of order t is > t and the right-hand side follows
from [Watsq4, pp. 252-255]. We will also make use of Langer’s formulae see [EMOT81,
pp- 30,89]. The first formula is

V3

Ji(x) = w*%(w - arctan(:c))% <J1 (2) ==Y

[

1
2 3 2

w|

(z)) +O(t73), Va>t, (4.31)
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2
w = \/% —1and z = t(w — arctan(w)).
The second one is

Ji(z) = ;wié(artanh(w) —w)

1
2 K
where

ol

(2) +0(t73), Va<t,

(4-32)
22
w=1/1- " and z = t(artanh(w) — w).

w
And finally, for the transitional range |z — t| < t%, we have

Ji(z) < 73,
by [Wat44, pp. 244-247].

(433)
The first inequality follows directly from (4.30)

t
‘ ; N
/2 Jt(y)f(y)?y <t e Bt
0

e
Note, that if X < %, then this covers everything. Thus, we may assume X > % from now

on. For the range [5,t — t3], we use (4.32) and Z%K% (z) < e ?, Yz > 0. Thus, we find

Ji(y) < (B2 —y?)"ie = + Ot 3).

Now, if y < min{t — Qt%(log t)g, t— t%} we have z > logt and thus J;(y) < t_g, other-
wise we have J;(y) < t~3. We conclude

1 2
4 -1 t§(10g(t))§
- t73. _ 4¢3, oA/
< 3 +t 3 .

For the range t — t3 < y<t+ £3, we use (4.33) and get

ol

1
t4t3 d "
Y 1
|, wwiw) -
t—t3 Y

7 .
We are left to deal with the range ¢ + t5 < y. We make a change of variable y — ty and
we are left to estimate

/ , Jelty)ed Wy (ty)
1+t~ 3

(4-34)
We make use of (4.31) and find z > 1 in this range of y. By making use of Langer’s
formula (4.31), we introduce an error of the size
<t i X
X
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which is sufficient. Since z >> 1, we are able to make use of the classical estimates (A.18),

(A.19):

7y = 2 ooz = § - ) +OG),
. (4-35)
Yi(z) = — (sin(z—F—-F)+0(z"))

Inserting (4.35) into (4.34) introduces another error of the size

%) 1 dy
/ w22 Yo(ty) =2,
1+t7% )

D=

—

where w = /y? — 1 and 2 = t(w — arctan(w)). We have z > t min{w?, w} and thus we
are able to estimate the above as
2 e
: t : t
<<t;/ 2 9(ty) dyHg/ 9ty) o
173 (g2 = 1)y 2 (P—1iy

2 oo
< tg/ g(ty)y7dy+tg/ 9t) 4,
14673 (y2 —1)3 2 yz

_ _3
< gt + e,

where we have made use of Lemmata 4.5.1 and 4.5.2 with F(y) = y(y* — 1)_2 and
G(y) = g(ty), respectively F(y) = y~2 and G(y) = g(ty). This is again sufficient. For

the main term, we have to consider

[N

= /oo eit(iw(y)-i—ay) g(ty) —dy, (4.36)
1413 (y2—1)1y
where
w(y) = Vy? — 1 —arctan/y? — 1,
Vyr-1
B
We would like to integrate (+w’(y) + a)e(3*W)+2¥) by parts, but for the sign ‘—sign(a)’

W'(y) =

and 4o = (1 —a2)"2, we have w'(y0) = |a| and we pick up a stationary phase. Let us
first assume « is close to 0, such that yp < 1+ t~3. For la] < £73 or the sign ‘sign(a)’, we
have | + /(1 + t_%) +al > 73 and we get by means of Lemmata 4.5.1 and 4.5.2 with
Fy) = (20 (y) + ) 0)+09) G(y) = g(ty) and H(y) = [(£0/(y) + o) (y* — 1) 1y] !
a satisfying contribution of t~1. So, from now on, we can assume a > 0, o > k‘t*%, for
some small constant k, and the sign being ‘—’. We treat first the case o < 1, where we
make use of a Taylor expansion around yo. We split up the integral (4.36) into three parts
T1,75,Z3 corresponding to the intervals [1 + t*§,y0 — A, [yo — A, yo + A], [yo + A, 00|,

respectively. For Z; and 73, we again make use of Lemmata 4.5.1 and 4.5.2 with F(y) =
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4.5 TRANSFORM ESTIMATES

(@' (y) — a)e™ @) =9 G(y) = g(ty), and H(y) = [(&'(y) — )(y* — 1)7y]~". Thus, we

need lower bounds on

R(z) = V22 —1—az and (2? — 1)%.
We have
o
(22— 1)2

We have that R/(z) is decreasing and positive and hence R(z) is increasing with a zero

2 _aand R'(z) = —

R(z) =
(0) = 75—
at yo. Furthermore, we have R”(z) is increasing and negative. We conclude

R(yo+A) > R(yo) + F'(yo) - A+ R"(yo) - A

2
_1—a2 A <1—o¢2>g A2

a a? 2

:1_042.14.(1_(1_()‘2)%.‘4)

o a? 2
1—a?
>

.147
(0}

for A < a?(1 — a?)"2. We also have

—R(yo— A) > —R(yo) + R (y0) A

1—a?

> -A.

For the second factor, we have

and

1 1
2 2A * a? 4
_AR )i [
(%o ) )i (1—042 (1042)%) i (1—a2>

for A < fa?(1- a2)_%. Thus, for A < 1a?(1— a2)_%, we find that the contribution from

I3 is at most
1
1 3 a2

(1222 - (o) (1-a?)ia

(M1

-

o
We claim that —R(z)(2? — 1)i increases first and then decreases in [1,yo]. For this, it
suffices to prove that its derivative has exactly one zero in that interval and is positive at
1 + e. Note, that since our function is zero at the endpoints, we have by Rolle’s Theorem
that there is at least a zero of the derivative. The derivative is

3az? — 3z(2? — 1)% — 2«

22 — 1)1

)
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which is clearly positive at 1 4 e. Assume now that we have two zeros yi,y2 in [1,y].

They both satisfy the equation
3a2? — 3x(22 —1)2 — 20 = 0 = 9(1 — a?)z? + (1202 — 9)22 — 4a® = 0.

Now, by Vieta’s formula we have

9 <24 s 9—1207 4 1 _4
ST T 90 42 T3 3(1-a2) — 3

and thus a contradiction. With this information, we conclude that if o > K t_%, for some

large constant K, we have that the contribution from Z; is at most

-1 ,-3 Ol%
max{t Lt s L
(1—a2)iA

Furthermore, we estimate the integral over 7, trivially and get the bound

(1—a?)t
ab

2 A

By choosing A = tzq2 (1— az)_%, which we are allowed for K large enough, we get
that (4.36) is bounded by
(1~ fa]) 75

We are left to deal with the case o = t~5. In this case, we elongate the interval Z to
[1+1t73,y0 + A] and estimate trivially again. By setting 4 = a?(1 — a?)"z, we find
that in this case one also has a bound of ¢~ for Z,, Z3. This proves the first half of (4.29).

Let us assume now that o > %ﬁ such that « is close to 1 and yy > 3. Assume
2X/t < %0 In this case, the integral over Z, and Z3 are 0, furthermore we have

1—-(1-a?)2?, ,

=
Al

min —R(x)(z*—1)

= min —— (2" —1)
2 2 2
z€[1+t7 3 ,y0/2] vefl+t 3 yo/2 0T+ VIE—1
me% Supp g :EE% Supp g

L (X 2
> min tig, <t> s

thus the contribution from Z; is bounded by

4 (ﬁ + (f)) |

Similarly, for %X /t > 2yo, we have that the integral over Z; and 7 are 0, and furthermore

1 (1—-a?)2?—1 1
min  R(z)(z?—1)i = min ——2" (g2 -1)1
T€[2y0,00] @)( ) z€[2y0,00] ax + Va2 —1 ( )
xE%Suppg IE%SUPPQ

X\
> <t> ,
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4.5 TRANSFORM ESTIMATES

hence the contribution from Z3 is bounded by

ol

Finally, when X/t < yy we are able to replace |1 — |«| |*i by (X / t)%, which proves the

(NI

-

last inequality in full for o] < 1.

Now, let us have a look at &« = 1. We proceed as before only that this time the sta-
tionary phase is at infinity. Thus, we can directly apply Lemmata 4.5.1 and 4.5.2 with
F(y) = (&' (y) = 1)e" @019, G(y) = g(ty), and H(y) = [(&'(y) = 1)(y? = 1)iy] ™" We

need an upper bound on the quantity

1 2
fory € [14+¢73,00] and ty € Suppg.
1 9
(y— vy =1 (y*—1)2

This function decreases and then increases. Thus, it takes its maximum at the boundary.

The values at the boundary are easily bounded by

s {11 (f)%}

and therefore we find that the same upper bound as for the case || < 1 holds for

la = 1.

Lemma 4.5.6. Let f as in 4.2 and || > 1. Then, we have for t > 8

: d i
/0 Jt(y)f(y)gy << ]l[QX/3,oo[<t) t 2e St,

t—t% d B 2
| 0% < Uy (30T (0) £ g0,

t+43 dy X
/t Jt(y)f(y); < o (X)W 16,3x7(8) - £

1
+t3

1
o0 dy T 1 (X2
/t Jt(y)f(y)g K ps o (X)W x/2 () - " min {1 + |l = 1|75, <t> } ;
where 17 is the characteristic function of the interval Z.

Proof. We follow the argumentation of the previous lemma. The first three inequalities

follow immediately. For the last inequality, we need a lower bound on

<|a’_1+y— Vny_l) (

PN

min , ’(\Oz| — ' () (y* — 1)%3/’ > min 2

2
y"— 1)y
y>1+t" 3 y>1+t— 3
y=X/t y=X/t
. 1 1
> min <a\ -1+ 2) (y* — 1)411y.
Y214t 3 Y
y=X/t
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4.5 TRANSFORM ESTIMATES

If X/t = 1, then the minimum is at least |a|t~5, which contributes ¢ 3|a|~} < ¢},

otherwise X /t >> 1, in which case the minimum is at least

max{ya\ 1] (f)g , (ﬂ_} >>max{|ya TS (f)_}

giving a contribution of
X\ 3
2
t—imin{uay—u—i,(t) }

Lemma 4.5.7. Let f be as in 4.2 and || < 1. Then, we have

~ 14 |log(X
ft) < T [log(X)| T
1+ X2+ [1—|af?2X

~ 3 X % X 7%

ft) < |t 2 (1 + min { <‘t) B P e (Itl) }) , V|t > 1,
~ C 5 X % X _%

F(8) < il <1 + min { (W) |1 —]af?7? (,t’) }) , Vit > 1.

Proof. We follow the proof of [DI83, Lemma 7.1] and [STog, Prop. 5]. To prove the first

Vit € R,

inequality we use the equation (A.12)

Joit(x) — J_gu(z) = 4 sinh 7t /OO cos(z cosh £) cos(2t€)d¢.
0

™

We have by integration by parts

/oo ei(ixcoshg) f(l‘) dr = /oo eix(icoshé-&-a)g(:ﬂ) dr
0 0

X X

— i /oo eix(:tcoshf+o¢) g(x) /d£U
+coshé+a Jy T

< min {1, X *cosh{ £a|'}.

Hence, we find

f(t) < /000 min{l,X_1|cosh£:|:a|_1} dg.

Thus, it suffices to bound the latter integral. It is bounded by
1 oo
<</ min {1, X 1 +1—|a|) '} ¢+ / min {1,X_1e_5} dg
0 1

1
<</ min{l,X-lg—Q,X-lg-lu—|a|!‘%,X‘1rl—|aH‘1}d§
0

+ /OO min {1,X—1e—f} de.
1
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4.5 TRANSFORM ESTIMATES

For X > 1, this is bounded by
< min {X_é, 1+ log(X) log(X) JX 1 - |oz]|_1} +x!
and for X <1, it is bounded by
L 1+ |log(X)].
The first inequality follows immediately.

~

The final two inequalities require some more work. Note that f(¢) is even in ¢. Thus,

we can restrict ourselves to ¢t > 1. We make the substitution x — 2tz in the definition of

f(t)

-~ . 1 o JQit(zth) — J_Qit(Qt:B) dzx
1) = sinhmf/o 2 f(2tx)?

and use the uniform asymptotic expansion of the function G;,(vs) from [Dungo, pp.
1009-1010] with n = 0:

1 Jgit(2t$> - J_Qti(2t$)

Gait (Qtl’) =

sinh(wf) 24
_ (;) T2 [sm@tw(x) -5

— cos(2tw(x) — %)3(1 +a22)72 = 5(1+a2)"2

48t
o (e et (@) - T8 521 ()
2% s ) s ) )
here
=+v14+z2+1 <$>
w(x) =1+ 22 +log i

and the error terms satisfy

E11(2t,w(2)), E12(2t,w(x)) < |t]72 exp(O(|t] 7).
Let us first deal with the error term. The contribution of the error term is bounded by
/OOO ]f(2t:c)]d§ <t3 < min{ytyi, §|t|2} .

For the remaining summands, we have to deal with integrals of the type

00 +2itw(z)
/ T o) o
o (

1 +x2)i+5 z

ol

-

(S
[NIES

t g(2tx)—,

/oo e2it(tw(z)+ow) dﬁ
o (1+ x2)i+6 x
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4.5 TRANSFORM ESTIMATES

with 8 € {0, 1, 2}. We rewrite the above as

ORI

1 s /OO 2it(tw(z)+a) / Q(th)

—t 2 e 2t(+w' () + « —dz. (4.37)
2 0 ( (') )) z(£w (z) +a)(1 +22)1 TP 3

Since
V/ 2
W'(z) = Lte > 1,
T

we have w'(z) — |a| > 0. We apply Lemmata 4.5.1 and 4.5.2 with G(z) = g(2tz), F(z) =
e2it(F0(@)+0) 9t (10 (2) 4 @), and H(z) = [z(+w'(z) + ) (1 + 22)17#]~1. Moreover, we

have

min |z(+w'(z) + o) (1 + x2)i+ﬂ‘ > min

1
a:' e —
X (:c\/1+x2

+1- \a\) (142°)3

> min max { (142%) 7%, (1 = [al)a(1 + %)% }.

IAT

For z < 1, we see that the function is bounded below by 1. If z > 1, then the function

mx{(f) 11— (f)}

Therefore, the integral (4.37) is bounded by

3 (1 —l—min{(f); NIRRT <)t(>_}> .

This yields the second inequality. For the third inequality, we proceed from (4.37) with

is bounded by below by

integration by parts. We have to deal with four new integrals

bt [ (s ) O,
0 2?(+w' () + a)? 1+$2)Z+’8

(
9(21) (" (2)2?)
(
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4.5 TRANSFORM ESTIMATES

Proceeding as before, we find

|0

X\?2 X
I <12 (1+min{ t) 1=l 2<t> })
3 9
_5 : X\ ?2 X\ 2
X\ 2 X\ 3
5
c X (X2
Iy < Tt 3 <1+m1n{<t 1= || <t> })

We conclude the third inequality from this. O

Lemma 4.5.8. Let f be as in (4.2) and || > 1. Then, we have

~ 1+1lo + log (|
A1) < | log(X)| + log(| \)
1—|—X2—|—|\a\2—1\2X

vt € R.

When |t| ¢ [%Hod2 - 1|%X, 2||a)? — 1|%X} and |t| > 1, we can do better and find in that case

3

Py < 1 <1+mm{<| |)%,||a|2—1|—1 (ﬁj)})
fr) < %Itl‘g (1 +mm{<|)§|>g lef? =172 <i‘>_g}> :

Proof. We follow the proof of the previous lemma which leads us to estimate:

N

f(t) < /OOO min{l,X_1|cosh§— |a||_1}d§.

Set cosh(¢) = |a| and note that we have e? < |a| and log(|a|) < ¢ < 1+ log(|a|) for
|a| > 1. This leads to

0 —1 —1
f(t) < /0 min {LX_l sinh <£+2¢> sinh <|£_2¢|> } df

Hence, it suffices to bound the latter integral. We split up the region of integration into
three parts Z;, 7o and 73, where we restrict ourselvesto [ —¢| > 1, |[{ —¢| <1 A+ > 1
and [£ — ¢| <1 A €4 ¢ < 1, respectively. For X > 1, we have

7 <</ min {1,X*16*max{¢v€}} de
0

¢ *¢>d€ 00 *ﬁdé
< | —de+ | =
o X b
1+ log(|e])
€ |O[|X 9
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4.5 TRANSFORM ESTIMATES

o+1
IQ<</ min{l X e~ g — ¢ 1}

max{0,¢p—1}

1
<</ mm{l X te ?y| !
~1

<</0' dﬂ’*/l i

[a] X
1+ log(|a| X)
lalX 7

1-¢
13<</ min {1, X 1¢? — ¢*| 7'} d¢

max{0,¢p—1}
1-2¢
<</ min {1, X "o~ ¢, X o2} dy

max{—1,—¢}
14+loc™ (X
< g1 () min {1, +og(¢>)7X_;}

< Tjg,17(¢) min {1,

For X <1, we have

T <</ min {1,X—1e—ma’<{¢v€}} de
0

/max{qbr log(X)} {1 e—® } g /00 eS¢ e
< min< 1, — + —
0 X max{g,~ log(X)} X

141 log(X 1
+ Og(‘a|)+’ Og( )’ —|——min{|oz]_1,X}

‘ 1+ |alX X
1+ log(|af) 4 [log(X)|
‘ 1+ |a|X ’
o+1
IQ<</ min{l Xt e — g 1}
max{0,p—1}

1
< / min {1, X_le_¢|¢|_1} i
1

1 +log™(|alX)
ol X ’

< min {1,
1-¢
T3 <</ min {1, X '|¢* — ¢?|7'} d¢
max{0,p—1}
< Qg 1)(0)-
This completes the case X < 1.
For the second inequality, we proceed as in Lemma 4.5.7 and have to consider the

integral

N|=

- /oo e2it(tw(z)+ox) dr
; —_— .

2tx)—
(1+x2)%+5 9(2t) x
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4.5 TRANSFORM ESTIMATES

We would pick up a stationary phase at o = (a2 — 1)~2. However, we have z € [, X
which does not intersect [Jzo,2x0]. Thus, we split up the integral into two parts 7,
and Z, corresponding to the intervals [0, $20] and [22, oo[. Without loss of generality
let @ > 1. Assume first that X /¢ < 1. In this case, we have by Lemmata 4.5.1 and
4.5.2 with the choice F(z) = (£u'(z) 4 a)e?(F@)+a) G(z) = g(2tz), and H(z) =
[(1+a2)3 P (VTHa% — o)),

3 1
Zl Lt 2
min V1i+z2—azx
z€[0,2xo]N[2 3, X
Ty <t 3 L
2 2 .
min anm—\/1+x2

x€[2x0,00[N]
The allowed range for ¢ leaves us with two cases, either z¢ > 2% or xp < % % If xg > 2%,

then the integral over Z, is 0, and

1—2%(a?-1) 1
2 _ — _
V1+2?2 —ax = . ax>>1, forx§2:zoandx§1.

Thus, we get a total bound of 3. Similarly, if zg < %%,

then we have that the integral

over 77 is 0, and

2 (a?-1)-1
V1i+a?+ax

Note that for z < 1, we also have axz — V1 + 22 > ax — v/2 and hence

1
ar —\ 1+ x2 > —, forz > 2zpand ¢ < 1.
ox

1
oax —\1+22> ax+ — forz > 2xgand 2 < 1.
ox

This yields a total bound of 3.

Assume now % > 1. In this case, we have

1

min (\/1+x2—aaj> z5

2€[0,520]Ng 5 7]

T <t 3

1

min (ax -1+ x2) z2 .

xe[Zxo,oo[ﬁ[%%,§}

Ty < 12

If g > 2%, then we have that the integral over 7, is 0, and

<\/1+72 ) =t — oo’ ~ 1) 2> a2, forz <
2 —ar)r: = —— 21 x72, x <
V1+22 4+ ox

1
Thus, we get a total bound of ¢~ 2 (%) <« t2|a? — 1|71 (%)

1 1

51'0 and z > E

_3
2

e . 1 X
. Similarly, if zg < Vs

we have that the integral over Z; is 0, and

2?(a®?—1)—1 _ 32%(a®-1) 1 1
V1 2): > 2 — forz >2xpand z > -.
(a:c +x T2 tar =8 e > o or x > 2xp an :x_6
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4.5 TRANSFORM ESTIMATES

This yields a total bound of

P X\ a [(X\~ s fx\
t72 -min< o 7)) e \7 <t 2|1+ min 7))

since & > 1. This proves the second inequality.

3
2

N

—_
/N
| >
N——
ks
—
N———

For the third inequality, we integrate once by parts. This leads us to consider the

integrals
/ <627,t z)+a) Qt(iw ( )—{—a)) x2< ( ) (22‘2.)(1 +x2) dl',
2it(+ a 9(2tz) (£ (@)a")
/ (ot (@) + a)) 23 (£w'(x) + )<1+x2> ’
it (o) e g(2tz)z?
/ <e 2 (o )+a)> 22(Hw!(z) + @)2(1 4 22) i
T =t /0‘” (@) 2y (4 (2) +a) ) xz(iw«xt)i.g;(;t(ﬁ 22)ith "

By similar means as before, we have that

_s X
Iy <t 2(1+m1n{(t) (
X\ 3
Ty < t73 <1+min{<t> ,Ha|2—1|3<
X
Te <t 3 <1+min{<t> (
X\ 2
17<<%t-% <1+min{<t> Jla? =172

We conclude the last inequality from this.

Lemma 4.5.9. Let f be as in (4.2). For 0 < t < £ — §, we have the following expansion
i) — 1 X iox dx T —2t—e
Proof. We have

= ey [, @S

sin(27t) x
1 [ [Jou(z)cos(2mt) — J_gi(z) = Ja(x) — Jor(z) cos(2mt) dx
B _2/0 [ sin(2mt) * sin(27t) ] f(x)?

1 dx

— _2/0 [Var () + Jox () tan(wt)] f (@) —
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4.5 TRANSFORM ESTIMATES

Now, we have

/000 Jot () tan(wt)f(x)d—x < /000 min {:):Qt,x_%} gg;x)dw <1

X

dmy/mn
</ /) 2 F@) 5 < sup Var(a).
AR x~X

C+T)

and

The following inequality will imply the result

x2me ifr <1,
|Y2t($)| <e

1
x2, if x > 1.

The range = > 1 follows from (A.19) and for the range = < 1, we make use of the

following integral representation (A.13):

_ 2(%)2 ©  cos(zy)
Yo (z) = )/ 7@ —dy

1—'(% 2 1)2t+§

The integral from 1 to 1 is bounded by

2 1 p max{Z,%} 1 p
—  _dy+ - -
/1 -2 /2 15"

2
+ log (\/y2—1+y>

y=1

max{2,%}

1 _
— %(y —1)% Lcsr €

y=2
and the remaining integral is bounded by O(1) by Lemma 4.5.1 with F(y) = cos(zy)
and G(y) = (y2 —1)%*z. O
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THE CIRCLE METHOD

5.1 INTRODUCTION

As already mentioned in the introduction of this thesis, the Hardy-Littlewood circle
method finds its origin in a paper by Hardy and Ramanujan [HR18] on the asymptotic
behaviour of the size of partition numbers. The idea that led them to success was the
following. Suppose we wish to understand the elements of a sequence (ay)nenN, and we

understand to some degree its generating series

F(z) = i anz".
n=0

Say, it has radius of convergence R > 0. Then, we may write the element a,, as the

contour integral
an = / F(2)z " dz,
|z|=r

for any 0 < r < R. The Hardy-Littlewood philosophy now dictates that F'(z) is gen-
erically small as |z| — R, unless z is close to R - e(g) with ¢ € Q, in which case we
may hope for an asymptotic expansion around the point 1+ e(). The former is known
as the minor arcs and the latter as major arcs. If all of the above is satisfied in a suffi-
ciently quantitative manner, then one may derive an asymptotic expansion for a,, with a
dominant contribution coming from the behaviour of F'(z) near R - e(¢) with ¢ not too
large.

Contributions from Vinogradov [Vin28] simplified the matter significantly by showing
that often one does not require the full generating series, but a partial sum suffices.
By doing so, all issues that came from taking the limit » — R suddenly disappeared.
Another large contribution by Vinogradov [Vin3sb, Vin3zsa] was the introduction of his
mean value. It is known as Vinogradov’s mean value and it constitutes a powerful tool
to deal with exponential sums. In particular, it used to prove the best known zero-free

region of the Riemann zeta function - more on this in Section 5.3.
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5.2 SMOOTH DELTA SYMBOL CIRCLE METHOD

Nowadays, the circle method takes on various shapes and has been applied in all
sorts of situations. Kloosterman [Klo26] developed a minor-arc-free circle method based
on a Farey dissection of the unit interval. Rademacher [Rad43] used Ford circles to
extend the Hardy-Ramanujan argument for the asymptotic behaviour of the partition
function to a complete expansion as a series. Jutila [Jutgg] developed a circle method
with overlapping intervals and much freedom, which came at the cost of having an
L%-error-term. Duke-Friedlander-Iwaniec [DFIg3] developed the smooth delta symbol
circle method and applied it to automorphic forms. Heath-Brown [HBg6] then further
applied it to Diophantine equations. Recently, Munshi [Mun15] had success with an

automorphic representation of the delta symbol (see Theorem 3.7.6).

5.2 SMOOTH DELTA SYMBOL CIRCLE METHOD

The smooth delta symbol circle method is essentially due to Duke-Friedlander-Iwaniec
[DFIg3], but is based on Kloosterman'’s version of the circle method [Klo26]. The version
we present here was worked out by Heath-Brown [HBg6] in order find integer solutions
to Diophantine equations.

We start with a positive smooth bump function wy that is supported on [, 1] and

/OO wo(z)dr = 1.

—00

satisfies

Let @ > 1 be any real number and observe that if n € Z is a non-zero integer, then

q— g is an involution on the set of divisors of n. Hence, we find
q n
wl=)—-—w | — =0
(0 (d) - ()
qln
However, if n = 0 we find
S (w0 (5) @) =X eo(2) = [ (5)et-amae. 6
ql0 qEZ qez "’ —®

by Poisson summation. The latter has a dominant term of ) for ¢ = 0 and the remain-

ing terms are O4(Q(|¢|Q)~*) for any A > 0, which follows from integration by parts.
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5.2 SMOOTH DELTA SYMBOL CIRCLE METHOD
Therefore, we may write (5.1) as o 1Q with cg=1+0 4(Q~4). In conclusion, we have

§2((e) o)) mam=g T e

0, n#0

We may restrict ourselves to positive divisors ¢ if we replace n by |n| in wy( %) By

shown that

further resolving the divisibility ¢|n by means of additive characters, we find that (5.2)

is equal to
] () (wo(5) - () (4,1
Z an% / < <Q> o (q >> qz:lan%d: ) q (Q’ Q2> ’ (53)
where

h(z,y) = i xlj <wo(xj) —wo (@\)) : (5.4)

7j=1
One can now apply this to a weighted counting of solutions to a Diophantine equation
F(xz)=0:
N(F,w) = Z w(x),

xeZm
F(x)=0

where w is a compactly supported bounded function.

Theorem 5.2.1. We have

P =8> S Y wtwe () (5.552),

q=1amod(q) TEZ™

for any Q > 1. Moreover, if w is smooth and compactly supported, then

Fw Zan

ceZ™ q= 1

Ly oy e<aF(b)—i—c-b>7

amod(q) beZ™ /qZ" q

I(c) = / w(@)h <g Fé?) o(—£2)da.

Proof. This is [HB96, Thm 2] or it simply follows from the previous discussion and

where

Poisson summation applied to all arithmetic progressions & = bmod(q). O

The function h approximates a delta function in the following sense.
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5.3 EFFECTIVE VINOGRADOV MEAN VALUE THEOREM

Lemma 5.2.2. Let f € Lt (R) be a smooth function. Then, for x < 1 and M € Ny, we have
/_Z FW)h(z,y)dy = £(0) + Oar (x| fllar)
where | f|| a1 denotes the Sobolev norm on L' (IR) of order M.
Proof. This is [IKog, Cor. 20.19]. O
The following estimates on the function ~» come in handy as well.

Lemma 5.2.3. The function h(x,y) vanishes, unless x < max{1,2|y|}, in which case we have

amrr 1-m N z \V
hz,y) <Nmnx " " |2’ +ming 1, () ,
dxmdy" (=:9) |

for m,n, N € Nq. The term =™ on the right-hand side may be omitted for n # 0.

Proof. This is [HBg6, Lem. 4,5] O]

5.3 EFFECTIVE VINOGRADOV MEAN VALUE THEOREM

This section is directly taken from our previous work [Ste16].
Let k£ and s denote two natural numbers. Vinogradov’s mean value theorem is a bound

on the integer solutions of the Diophantine equation

Soal =Syl (=1,....k), (5.5)
i=1 =1

with 0 < z,y < X. By orthogonality, the number of solutions is equal to

JS,,C(X):/ F(X/2, X, ) da,
0.1[*

where we define

VM) = Y ela-9()

N—iM<z<N+iM
for real N, M with M > 1 and 9(x) = (z,22,...,2%). Lower bounds for J, 4 (X) are well

known and easily proved (see for example [Vaugy]). They admit the form
Is 1 (X) >k max{XS,X%_%k(kH)}. (5.6)

In a recent breakthrough, Bourgain, Demeter, and Guth [BDG15] have shown that (5.6)

is sharp up to a factor X¢; i.e. they have proven the inequality

Tor(X) g pe max{XsHe, X2 sk(t1)tey (5.7)
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5.3 EFFECTIVE VINOGRADOV MEAN VALUE THEOREM

to hold for all s,k € IN and ¢ > 0. An application of the circle method further shows

that one has an asymptotic of the shape
Jo(X) ~ Oy X234 (5:8)

for all s > 1k(k + 1). Before this latest breakthrough, there has been a long history
of improvements towards (5.7) and (5.8). Following Vinogradov [Vin35a], who gave an
estimate of the shape

Ton(X) <op X2 kA1) 400

there have been improvements in the argument by Linnik [Ling3], Karatsuba [Kary3]
and Stechkin [Ste75] leading to an error in the exponent of only 7, = 2k2(1 —1/k)Ls/k.
This allows one to get the asymptotic (5.8) as soon as s > 3k%(logk + O(loglogk)).
Wooley [Woo92] was further able to decrease the exponent to roughly 7, = ke=2/ K
by using his efficient differencing method, an extension of Linnik’s argument, which
allowed him to show that the asymptotic (5.8) holds for s > k?(logk + O(loglogk)).
Later, Wooley [Woo12] developed a powerful new argument, called efficient congruen-
cing, which enabled him to prove (5.7) for s > k(k + 1). Note that this is just a factor of
2 off the critical case s = £k(k + 1), from which all other cases would follow. There has
followed a series of papers in which Wooley has refined his method, leading to proofs
of (5.7) for s < %k:(k +1)— %k: + O(k%) [Woo17a] and a full proof when k = 3 [Woo16].
The history of the main conjecture (5.7) ends with Bourgain, Demeter, and Guth’s full

proof using decoupling theory from harmonic analysis.

Vinogradov’s mean value theorem has a broad range of applications. For example,
it can be used to get strong bounds on exponential sums (see Chapter 8.5 in [IKo4]).
These strong bounds can then be used to get zero-free regions of the Riemann zeta
function, something which has been made explicit by Ford [Foroz]. Furthermore, they
have been used implicitly by Haldsz and Turdn [HT69] to get zero-density estimates
for the Riemann zeta function. Other applications of Vinogradov’s mean value theorem
include estimates for short mixed character sums, such as found in work of Heath-
Brown and Pierce [HBP15] and Kerr [Ker14], as well as contributions to restriction theory
worked out by Wooley [Woo17b] and Bourgain, Demeter and Guth [BDG15]. In all of
these applications it is desirable to have an effective version of Vinogradov’s mean value

theorem.
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5.3 EFFECTIVE VINOGRADOV MEAN VALUE THEOREM

Effective versions have been given by Hua [Hua49], whose argument is based on
Vinogradov’s original method, Stechkin [Ste75] as well as by Arkhipov, Chubarikov and
Karatsuba [ACKo4], whose work is based on Linnik’s p-adic argument, and Ford [Foroz],
whose argument is based on Wooley’s efficient differencing method. In this section, we
prove effective bounds using Wooley’s efficient congruencing method combined with
the older arguments of Vinogradov and Hua.

Let us give an overview of the heart of Vinogradov’s and Hua’s argument. If we have

two tuples x, z’ such that || — 2’||c < S, then we have

Z(x] —x )

The question of whether this can be reversed arises naturally and the answer is in the

< jk- SXI—1, (5.9)

affirmative, although it depends on how well-spaced « is; i.e. how large min;; [z; — ;|

is (see Lemma 5.3.5). In his paper, Hua [Hua49] uses this reversibility by writing (5.5) as

k s—k
Z z] — 9: Z — yZ (5.10)
i=1 i=1

By splitting up the y and y’ into X * intervals of length at most X =% and using the
integer translation invariance in combination with Hoélder’s inequality, one can force
1Y lloos 1Y [loo < X"k in (5.10). Now, the right-hand side of (5.10) is small. It is in fact
at most (s — k) X7~1 X1~ %. By splitting up the right-hand side further into (s — k)X~ %
intervals of size X/~! and using Cauchy-Schwarz, one is able to reduce to (5.9) with S =

1. Fixing the @’ arbitrarily allows now only O; 1 (1) choices for the = as z; = «} + O, 1 (1)

and the choices for y and y’ can be bounded by J,_, (X 1_%). This gives

k .
JIxF - XF - T (x5,
j=1

9 2(s—k)
sk (X) <5k log(2X)*- X

where the log(2X)? is coming from a dyadic argument ensuring that min, z; |z; — z;]
is not too small. By iterating this inequality /-times, Hua proved the following upper

bound for s > Tk(k+1) + lk:
Jon(X) < (75>4sl log(X )2lX2$ k(k+1)+5k(k+1)(1-1)"  yx > 2.

The same kind of argument also works if we only force ||yl|co, [|¥/[lcc < X', with

0 tiny. In this case, one concludes z; = 7} + Oy x(X'7*%) and one can put the z’s into

a box of size X'~*%. Now, Wooley’s efficient machinery lets us interchange the roles

92



5.3 EFFECTIVE VINOGRADOV MEAN VALUE THEOREM

of  and y and thus allows us to play the same game again with k6 instead of 6. In
every iteration, there is a slight gain in the exponent, depending on s,k, 0 and 7, ;. In
the simplest form of Wooley’s efficient machinery, these gains stack up to overcome the
defect of the method as soon as s > k(k + 1), leading to a slight decrease of 7 ;, as seen

in the following theorem.

Theorem 5.3.1. Let s,k € N with k > 3 and 2log(k) > X = s,;k > 1. Assume that
Joi(X) < Clogy(2X)P X252kt )40 yx > 1,
forsome 0 < dand 0 <n < %k(k‘ + 1). Further, let

2 y_
£ +1)

log (
D > 1
R log()

be an integer and set 6 = k—P+1). Then, we have

312, 11 1,2, 25
Js,k(X) SCQEk +7k+1k§k +5k—2 'MO

93721@

.10g2(2X>6+72)\Akk:11Xzs_%k(k"‘l)‘f‘n X TER VX > 1,

where M is defined as follows

Mo = max (2%k2+%k+7€%k2—%kk—%k2+%k)7 o—sk2—4k
- Y
ve{l, 75
)

s—k
124817 3g2 Llp, 1p24 255\ 52k
(22 T F T eah k=3 ) » k<43, (5.11)
_ 112, 31 312 1 152425
= 2R RAT GRSk =3k Tk 44 < k <62,
12211
o~ %k k k> 63

By iterating this theorem and combining it with the Hardy-Littlewood method, one

may conclude the following result, which is a special case of Theorem 5.3.22.
Theorem 5.3.2. Let k > 3, s > %kQ + k. Furthermore, let X > s'0. Then, we have the estimate
Js,k(X) S CX?S—%]C(’C-Fl),

. . 3
where C' is the maximum of 4k>°%" and
33 1.D
Ek +1

32410 132,25, 31122
93k + B hH14D 3K+ R h—24D g 4(2k) AR
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where

_ [2log(k) + log(log(k)) + 4.2
o-| os(2) |

and Mo as in (5.11).

Although Wooley’s method is in principle effective and can be made effective in a sim-
ilar fashion as we do here, it has a rather big disadvantage. Namely, the conditioning
and the congruencing step get into each others way. This may be seen best in [Woo12,
Section 7], where the sequence {b,,},, follows the iteration scheme b,,41 = kb, + h,, and a
lot of effort is put into showing that this sequence doesn’t grow too fast. A consequence
of this is that the parameter 6 has to be smaller by a factor of 2, which may be further
improved down to 3. However, this decrease in ¢ affects the speed of convergence of 7,
drastically (see Theorem 5.3.1). By using the techniques of Vinogradov and Hua instead,
gains us an independence of the conditioning/well-spacing and the congruencing/box-
ing step, which leaves us with a simple iteration scheme b,,11 = kb,. It is this simple
iteration scheme which makes the rather basic outline of the proof in Section 5.3.2 clean.
Clean in the sense that simply specifying the involved parameters as well as analysing
the dependence in g, which simply boils down to an exponent being non-positive, would
yield a complete proof. This is not the case when working with congruences. Another
novelty of the simple iteration scheme is that it allows the introduction of the parameter

A= 5];2'“. This parameter has a large impact on the number of iterations needed in order

to decrease the exponent, which has a welcoming effect on the constant. From Theorem
5.3.1, it can easily be seen that choosing A > 1 rather than A = 1 decreases the number of

iterations D from polynomially in £ down to logarithmically in %. This has the effect of

kko(k2 kkO(IOg(kQ/E)/ log(A

reducing the constant from ') down to " if one wishes to achieve an
exponent 7, < €. This explains why we chose to present Theorem 5.3.2 with a slightly
larger s than the method would allow.

In view of further improvements in efficient congruencing and the recent breakthrough
by Bourgain, Demeter, and Guth, one might ask to which extent they can be made effect-
ive and how such a result would compare to Theorem 5.3.2. Let us first remark that the
proof of Bourgain, Demeter, and Guth follows a similar iteration scheme as multigrade
efficient congruencing. One iteration of theirs shows that the quantity V},,,(0) in their

paper, which may be compared to X" in our setting, can be replaced by

5—%‘/})’n(5>1—uw’
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whereas efficient congruencing/boxing shows that X" can be replaced by
XX 4 X0

(see Proposition 5.3.19). Now, their parameter u can be compared with the parameter ¢
in efficient congruencing in the sense that they have to look at the tiniest scales as well in
order for their iteration scheme to go through. Furthermore, the factor § ~3 can be seen
as the defect of the method, which one also gets in efficient congruencing (compare to
the positive term in A). Now, the tinier V,, ,,(0) gets the larger W has to be and henceforth
more iterations are needed to further decrease V}, ,,(9). This is the same kind of problem
that also arises in effective versions of efficient congruencing/boxing.

Now, we should remark that in most applications of Vinogradov’s mean value the-
orem it is important that s is above the critical case; i.e. s > 1k(k + 1). Later versions
of efficient congruencing as well as the proof of the main conjecture by Bourgain, De-
meter, and Guth attack the problem from below, which corresponds to the case A = 1.
Therefore, constants of the size kK9 should be expected. But, let us suppose now
that Bourgain, Demeter, and Guth’s proof could be adapted to an attack from above.
This would then lead to a doubling of the parameter A\, which would speed up the rate
of convergence significantly and thus decrease the implied constant.

It is natural to ask if and to what extent Theorem 5.3.2 leads to improvements of
the explicit zero-free region of the Riemann zeta function, as in Ford’s work [Foroz].
Unfortunately, the answer is that there are no direct improvements. The reason for this

log(k)/ log(Xx

is the growth of the constant. The dominating term is roughly k" », which is

a lot bigger compared to the term kO(?)

appearing in Ford’s work. When it comes to
its application, one only takes the k*-th root and thus the constant is too large. There
may however be a way around this. Similar to the argument in [Woo12, Section 2], one
may choose D = 1 and replace Proposition 5.3.16 with one that bounds the quantity
at hand in terms of Js_;(X 1_%). This leads to an error of the exponent morally of the
size ns = k2e~3(5/k)?  whilst keeping the constant on the scale k°(*"), Then, taking
the s2-th root, with s = k2 log(k)? rather than s = k2, leads to a zero-free region, which
is asymptotically slightly worse than Ford’s explicit zero-free region. It is therefore not
clear if such an endeavour would be fruitful and lead to an improved zero-free region

of the Riemann zeta function in an intermediate range.
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5.3.1 Notation

As already introduced, we let

N—iM<z<N+iM
for real N, M with M > 1, where 9(z) = (z,22,...,2"). Furthermore, we call an interval
of the shape |a, b] =|ay,b1] X - - - X]an, by| a box. By B"(IN, M), we denote the box

n
1 1
B"(N, M) = I_HN — 5 Mi, Ni+ 2Mi] .
1=

Furthermore, we allow ourselves to abuse some notation here: any numbers, say N, M
in the argument of B" (N, M) are to be regarded as n-dimensional vectors with entry
N, respectively M, in each coordinate. To a box B"(IN, M), we associate the product

n

F'(N, M, o) = [ F(Ni, My, ). (5.12)
i=1

We say a box B" (N, M) is R-well-spaced if |N; — N;| > 2R foralli # jand 1 < M; < R
for i =1,...,n. In this case, we adjust the definition (5.12) to

n

%(NaMJ)’) :Hf(NivMiﬂa)

i=1
to further indicate that the box 8" (NN, M) is R-well-spaced. We say a box B" (N, M)
contains a (k-dimensional) R-well-spaced box if there is a set of £ integers 1 <1} < --- <
I, < n such that Hle BL(Ny,, M,,) is an R-well-spaced box. For such a box, we are able

to split up the product (5.12) into
F' (N, M,a) = (N, M, )" *(N", M" ).

The choice of N/, M’, N”', M"" may of course not be unique.
Other than the initial Diophantine equation (5.5), we need to consider two more re-

lated systems of equations. The first system of equations is

kol

k §—
Sl )+ ) =0, (=1 k)

=1 )

Il
—

where x,y are tuples inside an R-well-spaced box B*(N, M) with M > 1, u,v are

tuples inside a box B*7*(¢, P) for some ¢ € [—3,3] and P > 1, and furthermore
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BF(N, M) x B¢, P) C]Q,Q + X]*® for some Q. Note that this forces —X < Q <0 as

0 € B57%(¢, P). The corresponding counting integral is

IR(N,M,¢,P) z/ 135 (N, M, a))?| £ (€, P, ) P da

[0,1[F

Let Ir(M, P) denote the maximal number of solutions to the system of equations that
occurs for any admissible £ and N given R, M, P. Note that Ir(M, P) is certainly
bounded by J; (X + 1) (by considering any solution (z,u), (y,v) €]Q,Q + X]° and
using Lemma 5.3.3) and is an integer, therefore well-defined.

The second supplementary system of equations is

zk:x—yl —}—Zw—z +m2u—v —{—Sik —ql (j=1,...,k),

i=1 i=1 i=1
where z,y are tuples inside an R-well-spaced box B*(N, M) with M > 1, w, z are
tuples inside an R’-well-spaced box B*(N’, L) with L > 1, u,v are tuples inside a box
Bm~k(N”, L), p, q are tuples inside a box B~ % (¢, P) forsome { € [-1, 1] and P > 1,
and furthermore B* (N’ L) C B*(¢, P), B *(N" L) C 8™ k(¢, P) and B*(N, M) x
Bk (¢, P) C]Q,Q + X]*® for some Q. The corresponding counting integral is

Kpgpiom(N, M, N’/ L,N" & P)
= /[0 o [FR(N, M, @) *[F (N, L, ) P f (N, L, ) P £ (€, P, a) P Hdar.

Let Kp r/.m(M, P, L) denote the maximal number of solutions to the system of equa-
tions that occurs for any admissible £, N, N’, N” given R, R',m, M, P, L. Again, this is
well-defined.

As only very special types of these two integrals appear, we will shorten our notation
to

I9,(X) = g1 as (279X 1700 X100y
K z}:m(X) _ K2_9X1_a672_hX1_be;m(279X17a07 X100 9=h x1-b0)

where 6 is a sufficiently small parameter, taking on the role already mentioned in the

introduction. The parameters g and h indicate the well-spacedness of our boxes and are

very important for the argument given in the introduction.

The process of getting better and better upper bounds is of iterative nature, where in
each step we decrease the exponent by a tiny bit. In every iteration, we will make use of

previous upper bounds. Thus, we assume we have a bound of the shape

Jsk(X) < Clogy(2X)0 X2~ skk+1)+n. (5.13)
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with 0 < § and 0 < n < £k(k + 1). Here, log, denotes the logarithm to the base 2. Note
that we certainly have such a bound with (C,d,7n) = (1,0, 3k(k + 1)).

To simplify calculations, we introduce the following normalisations:

Js 1 (X)
sk(X)] = ’ )
[[J ,k( )]] Clog2(2X)6X25—%k(k‘+1)+7]
g

[12,(X)] = Lost %) (5.14)
b C’log2(2X)5(X1—a9)2k_%k(k+1)(Xl—be)Q(S*k)Xn’ 514

K9 (X

[0, ()] o X)

- C'log2(2X)6(X1—a9)2k’—%k(k+l)(Xl—b9)2(sfk)Xn'
Our assumed upper bound (5.13) is now reduced to the inequality [J; x(X)] < 1, which
we will make use of rather frequently. To further simplify our proof, we adopt the rather

unusual convention that
w

2.

denotes a sum of at most W terms. In each term, the variables
N,N',N", N"' N" N,N',N;, N,U,U", V¢

may vary. Though, they are still required to satisfy certain properties coming from the
context. These properties include, but are not limited to, ones such as ‘being R-well-
spaced’ and ‘being contained in a box of the shape |Q, Q + X/, and should always be

clear from the context.

5.3.2  Outline of the Proof

To give the reader a better understanding of the whole argument, we give an overview

of what is going on. Recall our assumption (5.13) and our normalisation (5.14). We have
[Jsn(X)] <1
and if n > 0 we would like to show
[Jos(X)] <spe X8

for some A > 0 as large as possible. In a first step, we need to ensure that our variables
are well-spaced. Secondly, we need to start the extraction, by making some variables

small. Proposition 5.3.12 does both of these things and essentially gives

HJs,k(X)]] Ls,k,g 10g2(2X)[[[(5)]71(X)]]' (5.15)
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Before extracting information, it is better to pre-well-space some variables for further

extraction. This is done by Proposition 5.3.13, giving essentially

112 ,(X)] sbgham loga(2X)[KZp . (X)]. (5.16)

Now that everything is prepared, we can extract some information whilst gaining some-
thing in the exponent. This is done by the argument given in the introduction (see

Proposition 5.3.15 for details). This gives

[K5E ()] S hgm O (X)) (5.17)

In the end, we don’t need to pre-well-space any more as it will be the last extraction.
After the extraction, we bound the number of solutions trivially in terms of J ;.. This is
done in Proposition 5.3.16, giving the inequality

k2 (k2-1)

o stk?—k
17, (X)] oy X775 X220 (5.18)

The idea is now to iterate through (5.16) and (5.17) as much as possible having fixed
6. By doing so, we see that the h cropping up in (5.16) will become the new g after
(5.17) in the next iteration of (5.16). Thus, we’ll get a sequence g on which the im-
plied constants will depend. Moreover, we see that the pair (a,b) goes through the
sequence (0,1), (1,k), (k,k?),..., (kP~1 kP). For simplicity, let us denote this sequence
(ap,bo), ..., (ap,bp). It turns out that to go through this many iterations one needs

0 < k=(P+1) S, let us fix § = k~(P+1) and write

D—1 gn ( )]] (s—k)

_ e (0] Lo (X a ()"
N mmoon i\, oo ) e

By inserting the equations (5.15),(5.16),(5.17), and (5.18), we get

D—-1 n
[[Js,k;<X>]] <Ls,k,g,m 10g2(2X) H <10g2(2X)X N 2kk”9>< )
n=0
D
<X ?75+k 7kkD9X )kD9> (ﬁ)

k2(k271)( k2 )D _ps=2k =D 2 \"
2s s—k 5% n=0\ s—k

Ko gm logy (2X) 5720 (XG) =)

where we have made use of the trivial inequality % > £=2% o make things simpler.
Furthermore, we have extended the product to infinity to bound the exponent of the
logarithm. It is now evident that if s > k* 4 k and 7 > 0 we are able to find a sufficiently
large D, such that the exponent is negative. This is of course only true if we can find a

suitable choice of g and m.
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5.3.3 Preliminaries

In this section, we collect all lemmata which are needed to prove the core propositions
in the next section. The first lemma is essential in almost every step and we will refer to

it as the integer translation invariance.
Lemma 5.3.3 (Integer translation invariance). For [ € Z, we have

[ [kSS(N,M,a)$S(N',M',—a)da: [ [kSS(N—H,M,a)SS(N'-i-l,M',—a)da.
0,1 0,1

Proof. The first integral is counting the number of integer solutions to

Stal ="yl (i=1,...k), (5.19)
i=1 1=1

with ¢ € B5(N, M) and y € B5(N’, M’). By the Binomial Theorem, the system of
equations (5.19) is equivalent to

S S

ST+ =Y i+ (G=1,....k),

i=1 i=1
withx +1€ B5(N +1,M) and y+1 € B5(N’ +1, M’). This is exactly the correspond-
ing Diophantine equation of the second integral and we have shown that translating by
[ gives a one to one correspondence between the two. Thus, the number of solutions are

equal. O

Lemma 5.3.4. For z > 1, we have

V2ra®tae ™ < F(z+1) < ex*tze

Proof. Despite there being a vast literature on inequalities involving the Gamma func-
tion, the author was unable to find a reference for the above inequality, therefore we
provide a proof. Consider the function f(z) = log(I'(z + 1)) — (z + 3) log(z) + 2. From
[Merg6], we know that

1 1 1

— 1
iz _ _ . -
i) = ; (k+2x)? =z + 22~ 6% 3015

>0, (z>1).
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Thus, f(z) is convex for z > 1. Moreover, we have f/(1) = 3 —v < 0, where v is the

Euler-Mascheroni constant, and

lim f(z) = élog(%’)

T—r0o0

from Stirling’s approximation. Since f(x) is convex, it follows that

lim f'(z) =0.

T—r00
Again, from the convexity, it follows that f'(z) < 0 for > 1. Hence, the maximum is

attained at = 1 and the minimum at infinity. This gives the desired inequality. ]

Lemma 5.3.5. Let S > 0 be a real number. Further, let 1 < u < u+r — 1 and let B" (N, M)
be an R-well-spaced box with N1 < Ny < --- < N,. Suppose we are given two real r-tuples
x,y € B"(N,M) with —X < x,y < X such that

T T

J J
§ :‘rz - E :yi
i=1 i=1

holds for every j = wu,...,u+r— 1. If u > 1 we furthermore need the assumption x;y; > 0 for

< §xi—1

j=1,...,r—1aswell as |x.|,|y,| > U > 0. Then, we have

mw<va () (5 (3) s

Proof. We follow Hua’s argument quite closely (See [Hua6s, Lemma 1, pp. 181-183] ).

We write A A

r J

xs — Uy .

E Ziyl<$l_yz):9]X]_l7 US]SU"—T—]_,
- Li Y

J

where |0;| < S for every u < j < u+ 17 — 1. We regard this as linear system of equations

inz; —yi,...,z, — yr. By Cramer’s rule, we have
/
Az, —yr) — A =0, (5.20)
where
zy -y Tt —yy
U($1—y1) T u(-r'r_y'r)
A= ,
xiﬁ-rfl_y"l«b-ﬂ'*l xzrwrrfl_y;wrfl
(utr=1)(z1—y1) ~°°  (utr=1)(zr—yr)
z} —yy' Tr 1 —Yra @Xufl
u(z1—y1) T u(r—1—yr—1) u
AN =
- - +r—1 +r—1
CUTFT 1*1/?44 ! Tyt Outr—1 Xu+r72
(ut+r—1)(z1—y1) ~°° (ut+r—1)(rr—1—yr—1) utr—1
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Now, one can rewrite (5.20) as

1 /Il /ﬁr ,
oY Au,T(xT_yT')_Aur le...dZTZO,
]._[’L 1( yz) Yr ( 7 )

where

ZzlL—l Z#—l

Au,r = )
u+r 2 u+r—2
21
u—1 u—1 0 u—1
2 B | 7“X

/ _

Au,r -
Jutr— 2 utr—2  Ouir—1 yutr—2
2 o 2 T X

In the case of z; = y; for some i, we can still make sense of the above argument in
terms of limits, which do exist. By the mean value theorem of integral calculus, there is

a choice of z; € [z;,y;] for 1 <i < r such that
Au,T(xr - 3/7‘) - A;,r =

By considering Vandermonde determinants, we find the identity

r—1
_ u—1
Au,r = Au,’r’—l C H(ZT’ - Zi)
=1
and moreover
Au,rfl 7& 0

as the z; are pairwise different and in the case u > 1 we also have z; # 0 as 0 ¢ [z, yi]
fori =1,...,r — 1. Let us denote the elementary symmetric polynomial of degree r — i
in the variables z1, ..., z,_1 by o,_;. These satisfy |o,_;| < (:j) X tas —X < z< X.
Therefore, in the expansion of A, ,, the absolute values of the coefficient of 2u+i=2 are
equal to

-1

> Xr_i‘Au,r—ﬂ-

T
‘O"r—z'Au,T—l‘ < <
r—=1

By using the column minor of expansion of A, . and comparing it with the correspond-

ing one of A, ,, we find that

!/
A,

§:|‘7r 1H9u+z 1|5f +i—2 X 22: r—1
< u+i— < u+r—
o < 1Bura u+i— [Bur-1] S u+z—1 r—1

T

2
S 7 . ’Au,r—l‘ . SXU-F’I‘*Q’
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since
-

1 r—1 "1 /r—1 "1
- < - — -
;u—f—i—l(T—i)_Zi(r—i) —
It follows that

‘ | - or . SXu+T—2 - 9T <X>7"1 <X)U1 g
‘,1: - Y Tr )
T e IS e m) T2 1) \R U

where we have used |z, — z,—;| > (2i — 1)R and |z,| > U. Furthermore, we have for » > 3

o T@r-1) 2! L1
G- =5 =22 (-3

where we have made use of Lemma 5.3.4. It is easily verified, that this inequality also

holds for r = 2. Thus, we have

e vl < V2 (5) (2) ()U() s,

which holds also for r = 1 for trivial reasons. O

Lemma 5.3.6. We have for r > 1:

H nn—1 > r%r(r—?)e—i(r—l)(r—fﬂ)'
n=1

Proof. The function (z — 1) log(z) is convex with a minimum of 0 at 1. Thus,

n=1 n=1
> exp (/ (x—1) log(x)dx>
1
— T%T(T—Q)e—i(r—l)(r—B)

O]

Lemma 5.3.7. Let 1 < r < k and furthermore let B"(N,M) C|] — X, X]|" be an R-well-
spaced box with Ny < Ny < --- < N, and M,S > 1. Assume as well R < X /(2k). Let

Zw (B"(N,M),U) be the number of integer solutions x € B" (N, M) counted with multipli-
city W (x) > 0 satisfying

Z:L'ger (j=1,...,7), (5.21)
i=1
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where U; is an interval of size at most SX 31, Then, we have the bound
1 1 1 X \2 (1"71)
Z (B (N, M), U) <2370+D 3 Gra1)(r=1),—3r(r—=2) <R>
- Zw (B"(N',8),U),

for some sub-box B"(N',8") of B"(N, M) with1 < S’ < S.
Remark 5.3.8. If S < M, then we are of course able to choose S’ = S.

Proof. This will follow from the inequality

X %r(rfl)
v)

ZW(’BT(N, ]\4)7 U) SQ%T(T‘-H.)e%T(T‘-i-l)fl H n*(nfl) X <
n=1 (5‘22)

Zw(B"(N',8"),U),
which we shall prove inductively, and Lemma 5.3.6. The inequality (5.22) clearly holds
for » = 1. Thus, we may assume r > 2 from now on. Without loss of generality, we may
assume W (x) = 0 if = does not satisfy (5.21). If there are no solutions, then (5.22) holds
trivially. Assume now there is a solution x. If we have another solution «’ we deduce

T r
j 1j
Z i — Z L
=1

=1

< §xI—1

from (5.21). We can apply Lemma 5.3.5 with u = 1 to deduce that

e —af < V2 (5) @)H 3

Thus, we can find a sub-box of B!(N,., M) of size at most

A (R) s (F) s

in which all the z,’s lie, as

(2) () = e () = g =

and v/2 + e~! < 2. This box we may further split up into at most

cen () (5) e CY ()

boxes of size at most Tfsl We now consider the interval S/, say, which contributes the

most towards Zy (B" (N, M),U). By assumption, we still have at least a solution .
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Consider now a second solution z’. Call y and vy’ their restrictions to the first k — 1

coordinates. Note that we have

-1 r—1
J _E : 1y J 4l
Yi + ‘xr Ly ’
= i=1

T T

E: J } : 1j
< T; — T

i=1 i=1

<sxity 5 X
r—1
<28Xx971

for j = 1,...,r — 1. Thus, their j-th power sum is contained in some interval of length

at most 2S5 X771, Each of these intervals we split into half, yielding

Zy (B"(N, M),U) < 2r (;) (;) g QZ Zy (BY(N, M), U"),

where W/(y) =3, <o W((y,2,)). We now take the maximum and apply the induction

hypothesis for r — 1 with TW’. The induction is now complete as

r—1
2T<i>r<)ﬁf) 9T 1227'(7'1 rrl IHn (n—1) (;)
X
R

%(rfl)(er)

(r+1) gzr(r+1)—1 H 1) 3r(r=1)
2 7" T 7‘ T n TL
and
Zy(BHN',8),U’) < 2w (B"(N',8"),U),
where B7(N’,§') = B"}(N’,8") x S.. O

Lemma 5.3.9. Let k,m,D € N with m > k > 2. The set of integers (di,...,d,,) with
0<d; <D fori=1,...,mis said to contain a well-spaced (k-dimensional) sub-tuple if there

are k of them, say d;,, . .., d;,, satisfying

d;

Tj+1

—di;>1 j=1,...,k—1.
The number of tuples not containing a well-spaced sub-tuple is bounded by

omEm pk-1,
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Proof. See [Hua6s, Lemma 4.3]. There is however a slight error in the proof. Their argu-

ment gives the bound

N

—1 D k—1 1
< > (2u)™ < 2™(k—1)"DF1 > —
u=1

u
1

I
Il

< 2mEme” R DF (e — 1)
< gmpmpk-L,
If one works a little bit harder one may also recover the bound claimed in [Hua65]. O

This next lemma is the key to the well-spacing Propositions 5.3.12 and 5.3.13. It is
essentially about bounding the number of solutions in a box B™(N, P) x B™(N, P)
by the number of solutions in its sub-boxes, most of which contain a (k-dimensional)

R-well-spaced box with R being of large size compared to the sub-box itself.

Lemma 5.3.10. For G > 1, m > k+ 1,k > 2 and P > 2C, we have that |f(N, P, a)|*™ is
bounded by

EG: 2ML (m—k)2™Lg—1
—1 B B .
¢ S Y Bup(N 2P ) Pl (N, 270 e P
g=[log(2k)]

mLg

Lg I 6—G 2
— g N,27YP m
+ m ’f( Y 9 a)| Y
where all the boxes on the right-hand side are contained in the box B?™(N, P) and

Ly = 2mk™ - (29)F1,

Proof. At the heart of the argument lies the equality
F(N,P,a) = f(N—P/4,P/2,a)+ f(N+P/4,P/2,c). (5.23)

Iterating this equality shows that we have

291
F(N.P.a)=Y f(N—P/2+(d+1/2)279P,279P, )
d=0

for every g € IN. This further leads to

f(N,Pa)y" = > [[f(N-P/2+(di+1/2)279P,279P,a). (5.24)
0<d<29—-11i=1
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Now, the above box B™(N — P/2+ (d+1/2)279P,279P) contains a (k-dimensional)
279 P-well-spaced box if and only if the tuple d = (dj, ..., d,,) contains a (k-dimensional)

well-spaced sub-tuple.

Our plan is to extract the tuples which contain a well-spaced sub-tuple from (5.24)
before using (5.23) on the remaining summands. For this purpose, we are going to use
the binary expansion of the d’s. Given d € INj', we define the predecessor of d to be
p(d) = (|d1/2],...,|dn/2]). We also define the set of successors of d as S(d) = {d’ €
INy'|p(d’) = d}. Note, that if p(d) contains a (k-dimensional) well-spaced sub-tuple,
then so does d. We abbreviate ‘d contains a (k-dimensional) well-spaced sub-tuple” to ‘d
is good’. We are now able to prove the following identity for G' € INg inductively:

G

f(N,P,a)™ =) > HfN P/2+ (di +1/2)279P,279P, «)
g=0 0<d<29-1 i=1
d is good
p(d) is not good (525)

+ > J[fN-P/2+(di+1/2)27°P,27 %P, a).

0<d<26 -1 =1
d is not good

For G = 0, the right hand-side is just f(N, P, )™ as the first sum is empty. The induc-
tion step follows from the identity

m

[1f(N=P/2+(di+1/2)27P, 27 9P, cx)
=1

= ) Hf (N —P/2+ (d,+1/2)27 ) p 2= (G p o),
d’es(d) i=
which is just (5.23) applied to each factor, applied to the latter sum in (5.25); i.e. the d’s
which are not good, and splitting up into good and not good tuples.
Now, we note that if g < [log,(2k)] — 1 we have that all tuples 0 < d < 29 — 1 are not

good, because if there were a good one, we would have
k—
D=2>1+44d; = Z iy —diy) Fdiy > 14+2(k—1).

If ¢ > 1 we have 29 > 2k as 2k — 1 is odd, leading to a contradiction. For g = 0, there
are obviously no good tuples. The next thing we note is the number of not good tuples
0<d<29—11isat most

Ly =2"k" - (29)71,
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by Lemma 5.3.9. Moreover, we have |S(d)| = 2™ which shows that the set of tuples
0 < d < 29 —1 such that d is good and p(d) is not good has cardinality at most 2" L,_;.

Therefore, we conclude that the equality (5.25) is of the shape

el 27”L971
f(N,P,a)" = Y > B p(N,279P,a)F"H(N",279P, )
g=[log,(2k)]
Lg

+ ng(N”/, 27GP7 a)
Applying Cauchy-Schwarz twice yields

G 2L,
S Y B s 279P )3 (N, 279P, o)

g=[log, (2k)]

[f(N, P,a)]’™ <G

Lg 2
+ (Z |Sm(N"/, 2_GP, a)|) ]
G 2MLg—1

>o2mLy g Y Bh G p(N',279P, ) I TH(NT 279P, o) P
9:f10g2(2kﬂ

L¢a
+La Y [§™(N™",27CP, a)|2] ,

<G

since G — [logy(2k)] + 1+ 1 < G. By further using the inequality between the arithmetic

and geometric mean in the shape
1 T
(3 (N, M, @) < = | f (N, M, ),
i=1

we prove the desired inequality. O

Remark 5.3.11. Potentially, one could gain more log,(2X) savings if one were to allow
mixed terms with different ¢’s, but the state of affairs is already complicated enough as

it is and so we omit exploring this possibility.

5.3.4 Core Propositions
In this section, we prove the core propositions which will be used in the final argument,

as outlined in Section 5.3.2. From now on, we will also assume that k£ > 3.

This first proposition well-spaces a set of variables in order to get the iteration started.
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Proposition 5.3.12. Let G € N and assume X% > 2¢ with 0 < 6 < k% Furthermore, let

s >m > k+1and m < 8k% Then, we have that [Js (X )] is bounded by the sum:

- 1
¢S ()Nl e (X)) G (20)M TR Bk
g=[log,(2k)]

where

! 6 4k+24.2 1 2e=m)
_ 9bm— m

C// — 22m+1k2m'

Proof. We will use Lemma 5.3.10 for 2m factors in J, (X ). We find

m<al Y Thel sy ke vy

g=logs(2k)]

Ie. (m—k)2mLy_1 mLc ]

where
W= [ (N 70X @)V, 270X, @) PO (X /2, X )P e
N = [ P 27X @) PUIF(X /2, X, ) P dex
We refer to the first part as the well-spaced part and second part as the non-well-spaced

part. Let us first consider the part which is non-well-spaced. There, we have to consider

the integral N. We find

N < (/ \f(N,Q_GX,a)\QSda>
[0,1[F

s—m

<Tp(279X +1)5 - T (X))

s—m

(/ \f(X/2,X,a)!25da) S
[0,1[*

w[3

by Holder’s inequality and the integer translation invariance. Now, we have

9
-G _ 9—G Gy—1 -G
270X +1=2"CX(1+26x71) <2 X(1+28k2>

as
Gy -1 146 _ o1 (~1+0 1-k2 9
26X 1< X < 9071 (=140) < 91—k < F
In conclusion, the overall contribution to J, (X ) from the non-well-spaced part is

m

m12m 2(k—1 _ s s=—m
G- 22mpm (262D g ((HW)z GX) Top(X) (5.26)

where we recalled Lo = 2™k™ (2¢)F1,
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For the 279 X-well-spaced ones, we have to consider the integral W,. We split up the
box B1(N,279X), respectively B (X /2, X), into boxes of size at most X'~Y. Moreover,
we may assume all the boxes have size X!~ as it can only happen, that we account for
solutions multiple times. There are at most

279X P 29 g0
X1- ~1 g H1=27X"" <1+X9>§29X-2:T;,say,
respectively

X1- Yv1-6 XG
boxes of this kind. Thus, we have that W, is bounded by

1
X +1=Xx" (1+> =T,, say,

2(m—k) 2(s—m)

T//

1
/[ Bo-ax (N, 279X, a)? D f(N, X', ) Zf (N, X' a) da,
0,1[F

which we immediately bound further by using Cauchy-Schwarz as follows

T, 2(m—k) T// 2(s—m)
ZfNX“’a) ZfN’X”a)
T’ m—k T" s—m
< T/Z‘f N Xl 0 a)‘Z T//Z|f N/ Xl 0 a)‘Z

If we define

Tg _ Tgll(mfk) ) T;/(sfm) om— k (2 g)m k <1 + =

1 ) s X(s-h)o.

then we find after expanding the product of sums into a sum of products that
Ty s—k

W, <1, / Boox (N, 279X a)2 [ ST IOV X0 ) | de.
[0,1[F i=1

By using the inequality between the arithmetic and geometric mean and the integer

translation invariance, we bound the above further by

(s—k)T,

T, g - ) N
W= X / |Bo-ox (N, 279X, ) | f(N", X', ) PP dax

T (s—k)Ty

Cs—k Z / [So-ox (N, 279X a)| | (&, & X0 )|2s k) g

ng2 5 (X).
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This last step of translating the variables such that some of the variables are small is
an essential prerequisite for the extraction argument (5.9) to follow. We find that the

well-spaced contribution is at most

G 2(s—m)
— m —1)—2(m— 1 s—
G } : 9bm—dk+2}.2 (29)2(k 1)—2(m—k) (1 T ){9) X2(s=k)8 I&l(X). (5.27)
g=[logy(2k)]

In conclusion, we have that J; ;(X) is bounded by the sum of (5.26) and (5.27). We now
normalise this inequality to get an inequality for [J, (X )]. After normalising, we easily
find that the well-spaced part of the proposition is true. In the non-well-spaced part, we
collect an additional factor of

— o m S—l
logy (2(1+ 3z) 2 “X)" (2—0)%(25*%k(k+1)+n) <1 + - y ) e
log, (2X)°% :

28K:2

The fraction of log’s is trivially bounded by 1 and since n < %k(k‘ +1)and m < 8k% we

have
9 \ % (@2s—gk(k+1)+n) 9 \2m o
This concludes the proof. O

This next proposition is almost analogous to the previous one. The observant reader
may notice an important difference though. Here, the well-spacing step takes place two
steps ahead of when it is needed. This is advantageous as it allows for a smaller choice

of the parameter m in Lemma 5.3.10.

Proposition 5.3.13. Let H,a,b € Ng with H > 1 and b > a > 0. Assume 6 € R satisfies
1> k260 > 0. Let X > 20" and X*° > 2H Let g € N such that X% > 29 > 2k. Furthermore,
let 800k > m > k + 1 and 6°k*log(k) > s — k > m. Then, we have that [I,(X)] is bounded
by the sum

H 2(k—1)
c-H Y (2h) K9 (X)]
h=[log,(2k)]
+C". H (29>—§(2s—%k(k+1)+n) (2H)Q(k—l)—%@s—%k(k+1)+n)

s—k k sfkb

‘(Xe)ék(k-&-l) —~ (b—a) <X"79> Bat oS ’

! odm—2k+2 2
¢’ = 94m g2m

where

C// — 22m+1 . k2m+1
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Remark 5.3.14. In due course, H and m will be chosen in such a way that we have a

power saving in X in the non-well-spaced part.

Proof of Proposition 5.3.13. Consider N and { where the maximum of I g,b(X ) occurs. We

now apply Lemma 5.3.10 to 2m factors of |f(£, X1 a)|?(s=*), We find

H (m—Fk)2™Lp_4 mLy

B <H| Y DL S g ()42 S |

m—k
h=[log,(2k)]

where N is equal to
/ |3~§7gX17a9 (N, 2—9)(1—(197 a) |2|f(N, 2_HX1_b9, a)|2m|f(§, Xl—b07 a)|2(5_m_k)da.
[0,1[F

We refer to the first part as the well-spaced part and second part as the non-well-spaced
part.
The well-spaced part is clearly bounded by

H . 94m—2k+27.2m i (2h)
h=[log,(2k)]

2(k—1
Rk (x) (5.28)

a,b;m

after inserting the bound Lj, ; = 2mk™(2"71)k=1 For the non-well-spaced part, we
bound N by Holder’s inequality. This gives the bound

s—m—k

E m
N<LTy T, ©

where
h= /[ [k |3’]2€*9X1*a9 (N’ 2_gX1_a0’ a)|?da’
0,1

I = / (N, 277X o) P da,
[0,1[F
L= [ I, 0 d
[0,1[*
By using the inequality between the arithmetic and geometric mean on
T
[ x1-a0 (N, 279X 10 ) [1 < ) [ F(NG, 279X, o)
i=1

and the integer translation invariance, we find that

Ty < Jop(279X1790 1),
I < Js,k(27HX17b9 + 1),

Ty < Jop (X' 4 1).
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Now, we have
2—gX1—a9 + 1 — 2—gX1—a9 <1 + QQX—1+(U9)

§2—9X1‘“9<1+ ! )

465k
since
99 X —1Ha0 < X120 0 < x—(K 20 91 < (9p)~(K-2) g1 < 1
= = = = 465k
Furthermore, we have
o~ Hx1-b0 | | _ o—H x1-b6 (1 + 2HX—1+b9)
1
<o Hx1-b0 (1
- + 2- 6%k
and
X100 = x1-ve (1 _|_X71+b0>
= oLl FE—
- 4.66k2 )"
since
gH X —1H00 < X —LH(kH 1 < (R k=10 < (o) ~(K—h-1) < 1
= = = = 2.6%%
and
1
X 1Hb0 Xf(kal)be < (2k —(k*-1)
= < (2k) = 4-60k2

Thus, we have that the non-well-spaced part is bounded by

k

(15 i) o)
m s=—m—k (5.29)

1 s 1 s
: 1 o~ H x1-00 1 X 1-00
Jsk (( +2_64k) Tk + o

113



5.3 EFFECTIVE VINOGRADOV MEAN VALUE THEOREM

We have now that I7,(X) is bounded by the sum of (5.28) and (5.29). By taking the
maximum and normalising, we immediately see that the well-spaced part is true. In the

non-well-spaced part, we are left with

o g2, 1o (2 (1 ) 270X 00)
.

log (2(1+ 5;) 9—H x1-b0)"?

log(2X)5? log(2X) %9

_ s m—k:(s
. log (2 (1+ m) X100y s . <2g)—§(25—%k(k+1)+n) ) (2H)—%(28—%k(k+1)+?7)

log(ZX)Sﬂgik‘S
2k—Lk(k+1)—% (25— Lk(k+1)+ 2(s—k)—
-(Xa9> (k+1)—5( (k+1) n)-<Xb9> (s—k)

1\ S(2s—gk(k+1)+n) 1\ Z(@s=5k(k+1)+n)
(1 ) (12w

1 s=mok (2s—Lk(k+1)+n)
(- om) |

=k (25— Lk(k+1)+n)

(5.30)
The log’s are trivially bounded by 1 again and since n < 1k(k + 1) we have

1 b (25— Sk(k+1)+n) 1 2k e
<1+~66k> §<1+4.66k) < e,

25—719 k+1)+n) 1 2m - L
< 2. 64k> = (H 2.64k> S eotk < 2 2%,
1 m—k s—lk:(k+1)+n) 1 2(s—k) ik
(1 ) <(ragm)  =Tek

4.66k2
Furthermore, we have

S—

(X“9> 2k—Lk(k+1)—£ (25— 1k(k+1)+n) <Xb0)2(sfk) =k (25— Lk (k+1)+n)

$h(k+1)2E (b—a at+22Ep
:<X9>2( )5 ( )(X 779)
By inserting all of these equalities and inequalities together with Ly = 2mk™(21)~~1

into (5.30), we find that the non-well-spaced part of the proposition is true. ]

The next proposition is where we extract information as we force diagonal behaviour

using Lemma 5.3.7.

Proposition 5.3.15. Let a,b,m € Ng with b > a > 0 and 6°k*log(k) > s—k>m >k+1
and 800k > m. Let 0 € R satisfy 1 > k260 > 0 and let X > 207", Furthermore, let g,h € IN
satisfy X% > 29 > 2k and X** > 2" > 2k. Then, we have that ﬂKgélm(X)}] is bounded by

1 (25— Lk (k1)) (= 22
Cl.(2g)fk+§k(kfl) <2h> ( 2( ) n)(s s(s—k) ) [[Ibkb( )]]ﬁ
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where

o 2%k(k+1)+5e%k(3k72)kfék(k72)+1 (s—k+ kQ)k'

Proof. Consider an N, N’ N’ ¢, where the maximum of K g’l}f,m(X ) occurs, and its cor-

responding Diophantine equation:

k k m—k s—m—k
Z(:cz—yzj):Z(wf—zf)%—Zu —vl)+ Z T—q), j=1,....k, (531)
i=1 i=1 i=1 i=1

where x,y € B*(N,279X179), w, 2z ¢ B¥(N/, 27" X179, u, v € Bk (N 270 X109
and w, z,u,v,p,q € B>~ F(¢, X17Y). The right-hand side is contained in

] —2(s — k) (0.5001)7 X 1003 2(5 — k) (0.5001)7 X (1-b0)i [ (5.32)

as
€ %Xkbe < }Xkbe (1 _|_X71+b9)

< Xl b9<1+X (k2— 1)9)

< 0.5001 - X%,

The interval (5.32) we split up into intervals V; of size at most
(S _ k)lekbG . Xjfl'

We have at most

k o0
H (4 (0.5001)7 x (=900 4 1) H 1+ 4(0.5001)" ) X Sh(k=1)b0
Jj=1 j=1

94 X zk(k-1)b0 _ 7/ say,

IN

choices for V = (Vj;); as

oo o
I1 (1 +4(0.5001) ) < H (1 +4(0.5001)’ ) cexp| 4 (0.5001)7 | < 14.27-1.004 < 2°.
j=1 j=11

Furthermore, we split up the box B*(IN,279X1-%) for the y’s into sub-boxes of the
shape B¥ (N X1-k59) We have at most
k
X (kb—a)0 k X (kb—a)ko
_ g v —(kb—a)d
(29 +1) = (1+2x ) S

x (kb—a)ko
29k

=

<e = Z,, say,
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of these, since
2gX—(kb—a)9 < X—((k—l)b—a)9 < X—(k—2)b9X—9 < (2k,)—(k‘—2) . 2—1

and

Let S(BF(IN”, X1=#0) V') denote the number of solutions (z, y,w, z, u, v, p, q) of (5.31)

with the additional restriction that

k

Yl -y)eV; (G=1....k)

i=1
and y € B*(N”, X17#9), 50 that the total number of solutions to (5.31) is bounded by

7 Zy

DO S(BH(NT, X, V). (533)

Two solutions (x,y, w, z,u,v,p, q), (z',y’,w’, 2’ ,u’, v, p’, q’) of S(BF(N', X1~k V)
satisfy the inequality
k k

j 1j
Z%-Zwi

=1 =1

k k

PCEIDED SR

=1 =1

k k

> v = v

=1 =1

< +

g (S _ k,)Xl—k‘bH . Xj—l +ij1—kb0 . Xj—l (534)

< (s—k+E})XIRO . xi-1
Thus, we are able to apply Lemma 5.3.7 to bound S(B*(IN*/, X1=*9) V). We are able to
apply it with S = (s —k + k%) X1 R = 279X179 U the interval in (5.34), and W (z)
being the number of solutions (z,y,w, z,u, v, p, q) counted by S(B*(N", X1=k) v).
We get that (5.33) is bounded by

A Z;’ 1
SN 2shlt e (BRE(k-1) p-3k(k-2) (29X“9> M= Zw (B*(N"',8"),U), (5.35)

with 1 < 8" < (s — k+ k%) X' Now, Zy (B*(N",8’),U) is just counting the num-
ber of solutions of (5.31) with some further restrictions. The two we care about are

x € B¥ (N 8") and y € BF(N", X' ~+). Therefore, we have
ZW(%k(N,”a S,)v U)

S [ [k %”I;fgxlfae (N”,7 S,> a)sgnglfaQ (Nlla Xl_kbea —Oé) ’ f*dav (536)
0,1

116



5.3 EFFECTIVE VINOGRADOV MEAN VALUE THEOREM

where
f* — ’gl;_hx1_b9 (N/, 2—h)(1—1797 a)|2\f(N/, 2—hX1—bQ’ a) ’2(m—k) ‘f(§7 Xl—be’ a)‘Z(S—m—k‘)'

We split up B¥(IN", 8’) further into (s — k + k?)* sub-boxes of size at most X' ~+%,
which we may assume to have exactly size X' ~**’. Thus, the integral in (5.36) is further

bounded by

(s—k+k2)F

Z o 35—{;){1—40 (N””, ‘lefkl)G7 a)'gg—gxl—ae (N”, Xl*ka’ _a) . f*da
0,1

By using Holder’s inequality, we further find

o 12\k
(s—k+k (s=2)k ik s—m—k

) k k —
Zw(BYNT. SN U) < Y UL I (5.37)

where

11:/
0,1

)

_ _ _ 2s—k)
. |S]2€7hxl—b0(N/u2 th b07a)‘2|g§—gxl—a0 (N"”,Xl kb97a)| T da,

— - — 2s—k)
= /[ [k |3§*hX17b9(N,7 2 th beaa)|2|312€fgxlfa9 (N”le kb9>o‘)| Foda,
0,1
T, = / 135 ro (N, 271 X170 % da,
[0, 1%
Iy = / |F(N', 27" X1 o) [P da,
[0,1[¥
L= [ 16X a) e
[0,1*
By using the inequality between the arithmetic and geometric mean on

2(s—k)
k

’SS,QX1,GQ (N",Xl_kb97a)| S

El e

k
Z |f(]\72//7 Xl—kbﬁ’ O:) |2(s—k)
i=1
and the integer translation invariance, we find that
T; < Ify.(X).

Analogously, also

I < I}y (X)

holds. Using the inequality between the arithmetic and geometric mean in a similar

fashion, we find by the integer translation invariance that

Ty Ty < Jop (270X 4 1))
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Again, by the integer translation invariance, we find that

Ts < Jos (Xl—”9 + 1) .

We have
9~hx 1=t | | — 9—hx1-bf <1+2hX 1+b6)

< 9—hx1-b0

- 2 64k
since

1
oh x—14b0  x—1+(k+1)b0 Xf(k27k71)b9 < (2k —(k*—k—1) <
- - < (2h) ~ 2-6%4k’
and
X100 4 = x1-b (1 +X—1+b9>

<xto gy L

- 4. 66k2
since

1
x40 Xf(k2fl)b6 < (92 —(k?—1) )
- < (2k) ~ 4-66k2

By inserting the above analysis into (5.37) and further into (5.35), we conclude that
K" (X) is bounded by

a,b;m

24X%k(k71)b06%QfgkX(kbfa)kGQ%k(k—s—l)ei(3k+1)(k71)k7%k(k72) (s—k—+ k2)k

2

3h(k—1) B 1 b lbo b=y
-(29Xa9)2 I (X)5F Jop <<1+2.64k)2 hx1 ”)
s—m—k

1 s
. 1 Xl—b9
(1 ) 1)

Let us apply the normalisations and analyse each parameter separately. The dependence

on X is going to be

2

log (2 (1+ ) 27719 (57 750) 1o (2 (14 ) X
5=

m 2
log(2x) (3 ~7m) log(2X)
: (Xa9> 2k—Lk(k+1)—k+1k(k—1) (X@) 2(s—k)+1k(k—1)+k2— (2k—%k(k+1)+2(s—k)k)

—k

) (Xbe)— <3 (25— 3k(k+1)4n)

The fraction with log’s are bounded by 1 again. The exponent of X% is 0 and the expo-

nent of X% reduces to — = 2’“

-1 after a short computation. The dependence on £ is

<2h>_(25—;k(k+1)+n)(rﬁ—s<52k>) _
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The dependence on g is

(2g)fk+%k(k71) .
And finally, the constant is

94 o7 . 93k(k+1) o3 (Bk+1)(k=1) | p—5k(k=2) (s—k+ kz)k

> s—%k(k+1)+n)(%—s(fifk>) < 1 (25— Lh(kt1)4r) s=m=k
1+ ) |

< 64k 4. 6542
Since n < $k(k + 1), we have
<1+ 1 >(2s;k(k+1)+n)(?s(ﬁ,€)) PR
- €267k s e 6%k
2- 64k - - -
and

1 (28—%k’(k§+1)+7’]> S_T_k 9e —k
1+W <e466k2 s <6266k2 <k.

Thus, we find that the constant is bounded by

2%k(k+1)+56ik(3k—2)k,—%k(k—z)Jrl (s—k+ k,z)k.

O]

This final proposition is essentially the same as the previous one, the difference being

that the iteration comes to a halt after this step.

Proposition 5.3.16. Let a,b € INg with b > a. Let § € R satisfy 1 > kbf > 0 and let X > 207!,
Furthermore, let g € IN satisfy XY > 29 > 2k and 2k> log(k) > s — k. Then, we have:

( s+k —k b9

[[I(gl]’b(X)]] < o (29)—k’+%k(k 1)X bGX nEEE—==

where

' — 93k(k+5)+4  1k(3k—2)  p—3k(k—2)+1 (s—k+ k?)kz.

Proof. Consider an N, ¢, where the maximum of 1Y, (X) occurs, and its corresponding

Diophantine equation:

k s—k
Sl -y =Yl —d), j=1,...k (5-38)
=1 =1

where x,y € B*(N,279X'=%) and p, q € B>7F(¢, X179),
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From here, we proceed as in the previous proposition, but in this case we need to
adjust our definition of S(B*(N", X1=k0) V) Let S(BF (N, X1=#9) V') denote the

number of solutions (z, y, p, q) of (5.38) with the additional restriction that
k

Yl -y)eV; (G=1....k)

i=1
and y € BF (N, X17#0) 50 that the total number of solutions to (5.38) is bounded by
7 2y
D> S(BH(NT, XITR), V). (539)

Consider now two solutions (x,y,p, q), (z’,y’,p’,q’) of S(BF(IN’, X1=+9) V). In this
case, we have

k

/
D Zﬂ«”
=1

k

Fa- L

=1

k k
v v
i=1 i=1

< (8 _ k)xlfkbe . X]*l +ij1—kb6 . Xjfl

(5-40)

< (s—k+E})XIRO . xi-L
Thus, we are again able to apply Lemma 5.3.7 to bound S(B*(N”, X17) V). We use
the lemma with the weight function W (x) being the number of solutions (x,y,p, q)
counted by S(B*(N”, X17#9) V) and U being the interval in (5.40). We arrive at the

conclusion that (5.39) is bounded by

7 % Lp(k—1)

SY 2 ek (o) O 2 (N 57, 1), (.40
with 1 < 8’ < (s — k+ k%) X" Now, Zy (B*(N",8’),U) is just counting the num-
ber of solutions of (5.38) with some further restrictions. The two we care about are

x € B (N 8") and y € BF(N", X' =+ Thus, we arrive at
ZW(%k(N,”a S,)v U)
< / nggxlfaﬂ (N”', Sl, a)gg—g){l—ae (N”, Xl—k;bQ, —Oé)|f(§, Xl—b9, a) |2(8_k)da.
[0,1[*

(5.42)
We split up B*(N"" S§’) further into (s — k + k?)* sub-boxes of size at most X1+,
which we may assume to have exactly size X' ¥, Thus, the integral in (5.42) is further

bounded by

(s—k+k2)k

Z - Sg—gxl—ae (N””, Xl—kw’ a)ggfgxkae (N", Xl—kbe’ _a)
0,1

1f(E X )PP da.
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We further find by using Holder’s inequality, that

(s—k+k2)F
Zw(BN(N, SN U < > I5IFT, (5.43)

where
2s
h= /[ k |3’}2€*9X1*a9 (N”’ Xl_kbe? a)|?daa

)

2s
2= / k ’gg—gXl—af? (N7X1_kb67 a)’Tdav
[

)

%z/ (6 XY, ) Podar,
[0,1[F

By using the inequality between the arithmetic and geometric mean on
k
mgfg)@ﬂg (NqulfkbG’a f <= Z N{/’lekb07a)|23
and the integer translation invariance, we find that
I]_ S Js,k‘(Xl_kbe + 1) S Js,kj(2X1_kb0)-

Analogously, also

1'2 S Js,k:<X1_kb0 + 1) S J57k(2X1_kb€)
holds. And finally, by the integer translation invariance, we find
Ty < Jox (XH’@ + 1) .

We have
X100 g = x1-w (1 _|_X71+b0>

< yl-b0 L
<X Q+4w)

)<i
— 4k2°

since

X0 < (k=10 < ()~ (k-1

By inserting the above analysis into (5.43) and further (5.41), we conclude that [ ib(X ) is
bounded by

94 x 5k(k=1)b0 .5 9—gk x (kb—a)kOq95k(k+1) , § (3k+1)(k—1) L.~ 5 k(k—2) <29Xa0) 2k(k=1)

s—k

(s — kA4 E)E T (2X R ((1 + ) X1b9> ’

4k?
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Let us apply the normalisations and analyse each parameter separately. The dependence

on X is going to be

k
o (1) g (208 X1
log(2X)5§ log(2X)°%5 :

, (Xb0> 2(s—k)+ L k(k—1)+k2— 2 (25— Lk(k+1)+n)—

)2k—§k(k+1)—k+§k(k—1)

s5—

=k (25— Lk(k+1)+n)

The fraction with log’s are bounded by 1 again. The exponent of X% is 0 and the expo-

2012
nent of X% reduces to * (];s D _ s k+k

n after a short computation. The dependence on

gis (29 _H%k(k_l). And finally, the constant is
Y

94 . o1 . 9k(k+1) o3 (Bk+1)(k—1) | p—3k(k—2) (s—k+ kQ)k

L 9(2s—5k(kt1)+n) % <1 + L

(25— 3k(k+1)+n) 5k
)

Since n < k(k + 1), we have

o(2s—5k(k+1)4n) % ~ o2k

and

1 (23—%k(k+1)+77)% 25 s—k s—k
1+@ <eaw? s < e < k.

Therefore, we see that the constant is bounded by

94 2%k(k+1)eik(3k72)k7%k(k72) (s—k+ k2)k .92k .

5.3.5 Iterative Process

In this section, we iterate through the Propositions 5.3.13 and 5.3.15 as often as we can.
This was already outlined in Section 5.3.2 and we recommend the reader to have a
second look at it before advancing, since the argument to follow is essentially the same

with the exception that there are more parameters to be analysed and chosen.

Let us recall some of our notation of the outline. Let D > 1 be an integer and set

0 = k= P+ Let (ao,bo), (a1,b1), (az,b2), ..., (ap,bp) denote the sequence

(0,1), (1, k), (k, k?),..., (P74 kD).
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Furthermore, we assume X > 2k and 2 log(k) > X\ = Sk}k > 1. We now fix a choice of

parameters, which we will justify later on. Set
Gn = |k"0logy(X)], forn=0,...,D

and

|3k(k+1)+3k—3], ifn=0,
My = (5.44)

|5k], ifn=1,...,D.

We remark here, that the choice of GG,, will ensure that the conditions
X kbn-10 _ xbn0 > 9Gn > 29n > 2k (5_45)

of the Propositions 5.3.12, 5.3.13, 5.3.15 and 5.3.16 are satisfied, where the last inequality
comes from the restriction of our well-spaced parameter g,, in Lemma 5.3.10. We would
also like to highlight the inequalities

1 4 1 1 4 4
“k(k+1)+-k—=>mo>-k(k+1)+-k——
4k(k ) 3k: 5 = M0 4k(k ) 3k 3

and

5 5 02
Sk >m > k- vn=1,...,D,

=3 3
which will be frequently used. The conditions of Proposition 5.3.12 are now clearly met.
Thus, we get

Go
(XD <C-Go 57 (20) 7720 g ()]
go=[logy (2k)]
L O Gy (QGO)2(k—1)—%(25—%k(k+1)+n)

where
6 —4k+27,2 2(5 O)
! m m
C' = 2°mo ko <] i 1@) ’

C// — 22m0+1k,2m0

By using the inequalities on mg and Gy < k~(P*+D log,(2X), we find

Go
[Joo(X)] <logy(2X) | Co > (200)> =0 =20mo=k) [0 (X)) + By |
go=[logs(2k)]

where

$p2 41, k24 ¥%—2-D 1\ 2(s=mo)
Co =227 T2 2 1+ 55

123
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and
By = 23K+ Rk 5k + k2D (200)2(’6*1)*%(287%(%1)%) '
We have
2s—3k(k+1)+n _ 3 n 1 s
>4+ — ~k(k+1)— ———1])>0
s R A UL ) Ay Bt

and therefore we further find

By < 238+ @kpzk*+@h—2-D (200)2('“_1)_%7”0‘%’7

IN

3 1
932+ 2k k2 +2k—2-D (200) —gk(k+1)—7n

IN

3 1
0 —gk(lﬁ»l)—fn
1,2, 19 172,19 X
2516 +?k‘k§k +?]€727D
2
2 11 1,2, 19

In conclusion, we have

[k (X)] < logy(2X) - Yo,

where o
0 @ _ s—2k
Yo=Co Do ()L, (X)) +Ch- X
go=[log,(2k)]
and

Sp24 g1, k2409, 9 p 1 2(s—mo)
CO = 22 2 kz 6 1 + ﬁ ,

11 1 19
CS _ 2k2+?kk§k2+@k—2—D

o) — 2(]{7 - 1) — 2(7710 — k‘)
It is evident that we gave up some saving in the error term Ej. This is because this is
the maximal amount of power saving we are able get in the error term E; of the next

iteration.

We further define

—2k -1 E O\ G (ka)"_l
—nb szk ?=0 bl(ﬂ) - [e% k
¥u =C (X7 > ), (01
gn=log, (2K)] (5-46)
+Ch XTI,
forn=1,...,D, where
2(k—1)—2(mo — k), n =0,
o =

20k —1) = (25 = k(b + 1) +7) (22— (25 ), n=1,...D,

s
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and C,,C); are some constants, which are going to be defined recursively in (5.58) and

(5.59). We now use Propositions 5.3.13 and 5.3.15 to prove the following proposition.

Proposition 5.3.17. With the notation as above and the assumptions mentioned at the beginning

of this section, we have

¥, <log,(2X)(&8)" ¥, Vn=o0,...,D—1. (5.47)

Proof. As the cases n = 0 and n > 1 are quite similar, we will consider them at the same
time. Because of the Inequality (5.45) and because n < D — 1 implies 1 > k?b,0 > 0, we

are able to apply Proposition 5.3.13 to [I]" oy, (X)] and get

Gn+1

[[Ign ( )]] < Cpi1-Gpi1 Z (29n+1)2(kz—1 [[Kgmgnﬂ ( )]] + Goi1 - Enti,

an, n an,bn,m7z+1
gn+1=[logy(2k)]

where
Copy = 24mns1 =242 p2mnsy (5.48)
and
Epyq =22mneitl p2mnitl, (an)—f(%—%k(kﬂ)ﬂ)

(26w 2k 0= Mt (25— Lk(k-+1)+1) (Xg)ék(k“’l)ssk(bn_an) (X,ng) santS5hn

(5.49)
In the first sum, we further make use of Proposition 5.3.15, which gives
My, 2
KOt (X)] Sl - (200) R (gamny (B bl ) (245 -5
s—2k
n k —nb s—k bn
TR C ) e C o)
where
;H-l _ 2%k(k+1)+5 ) 6%;:(3#2) 'kfék(ka)-H (s—k+ k2)k. (5.50)
In the case of n = 0, we arrive at the inequality
s=2ky Go L G1 X
¥, <C1C1CGh <X7n9> o Z <2go)ao_k+5k(k_l) Z (291)* [[Ifi by (X)]=F
go=[logy (2k)] g1=[logy (2k)]
Go
+ Co Z (2go)a0 G1E; +Cg .
go=[logy (2k)]
(5.51)
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For n > 1, we further use the elementary inequality (z 4+ y)” < 2" + 3" twice, which

holds for z,y > 0 and 0 < r <1, and arrive at the inequality

Y, <C, (X*”")S FELSu () [(X ’79>S (%) % <2gn)an+ﬁ(—k+%k(k—1))

gn=log,(2k)]

Gn+1 s—k
k
. (Cn—HC +1Gnt1 Z (29n+1)an+1 [[Ig:Ii,an (X)]]Sk>
gn+1=[logy(2k)]
k

Gn ] ()"

5—2

+Ch xR

k
+ Z (29)*" (Gny1Ens1)F
gn=[logy(2k)]

<C, (X—nﬁ) S b(Er) S

Z (2gn)om+ b (—kt3k(k—1))

gn=[log,(2k)]

Gn+1 % (sﬁk )n71
C..1C" .G Z 9gn+1)0nt1 HIgnJrl (X)]] gfk
) n+1 n+1 n+1 ( ) an+1, bn+1 )

gn+1=|'10g2(2kﬂ

s—2k Gn (
+Cn (X—’VIG) o [ Z (29n)an (Gn-i-lEn-H)SEk] + C);

gn=[log,(2k)]

(5.52)
Next, we show that the exponent of 29 is at most —1 if n = 0 and —% otherwise. First,

we consider the case n = 0. There, we have
1 1 1
2(k—1)—2(m0—k)—k+§k(k—1) <-1& 1k(k+1)+k—§ < my,

which is true. Now, we analyse the case when n > 0. There, we have to bound

o(k—1) — <2s—;k(k+1)+n> (T—S(Skjk)> +ka [—k:nt;k(k:—l)].

Since m,, > 1 > k' we only make the expression bigger when replacing 2s — k(k: +

1) +n by 2s as the latter is smaller. Thus, we are left to bound

%k—D—g<mn— Hk)+kk[k+1mk—n}

§m—|— u
" s—k

=2(k—1) -3

[Sk k+ k(k )].

Now, we have 3k — k + 1k(k — 1) > 0 and hence the expression gets bigger when we

replace s by k% + k as the latter is smaller. We are left to deal with

5 3
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It suffices to have

5 3 1 5 10
2k 9 <t 2 Y
2 g'ln = T3 T 3N T g =

which is true. Therefore, we conclude

Go

St (ke <1
90:[10g2(2kﬂ
. (5.53)
Z (an)aﬁﬁ(—k#r%k(kq)) Sil Vn > 1.
gn="logy(2k)] ks

Now, we turn our attention to the analysis of the error term; i.e. the terms involving

Ep+1. Let us consider the exponent of 29~ first. For n = 0, the exponent is

Q(k_l)_g(mo_k)_g (23—;k(k+1)+n) 32(/6—1)—2(7”0—/“?)—%’“
1, 2, 2
< ks Z - < —1.
< 2k 3k+ 3 S
Thus, we have
Go
S (290)00—5(25—%’“(’““)“7) < 2(2k) 2K kS, (5.54)

go=[log,(2k)]

For n > 1, the exponent is

2k —1) - (23—;k(k+1)+n> (m”—8< L k)> —Skklz<25—;k(k+1)+n>

s 5 —
n 1
:2(1«—1)—% (23—2k(k+1)~|—77>
<2k —1) ~ Sm,
1
< k-1
2k‘
Thus, we get for n > 1, that
Grn kE_k 1
Z (2971)04”7@;(2375]6(164-1)—&-17) < 2(21{;)—%]6—1 (5.55)

gn=[logs(2k)]
Now, we consider the power of X in the error term E,,,; i.e. we are having a detailed

look at

(20n+1)Q(kfl)*%(%*%k(kﬂ)m) (Xe) 2k(+1) 555 (bn—an) (X—n9> sant=5tbn

For n = 0, we bound
k

B ag+3=Epg s—2k
(x=0) T s
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and for n > 1 we bound trivially

sfkb

k
<X_n9)san+ 5 On

For the rest, we use the inequality G, 11 > k"160log,(X) — 1 and find

5—
s

(2Gn+1)2(k71)7%(2$f%k(k+1)+n) (X9> Le(k+1) 5= (b —an)

—1)-3
< X9kn+1>2(k D=gmns (Xaknﬂ)é(kﬂ)
- 2

_1
93k+1 (Xek"H) 2

<
< 95k+lg—gkmt!
2, n=0,
<
1, n>1

The latter seems inefficient, but one has to consider that the ((s — k) /k)"-th root will be

taken of it in due course. Hence, we have

s 3
S

(2Gn+1)?(k—l)—%(%—%k(kﬂ)ﬂ) (XQ) 3h(k+1) 255 (bn—an) (X—rw) sant258bn

957219

2X SR =0, (5.56)

<
1, n > 1.

Lastly, we have

k~Plog,(2X), n =0,
Gni1 < k" Plogy(2X) < (5.57)

k~llogy(2X), n>1.
By collecting all of the previous analysis, we have proven (5.47). We go through this one
step at a time. For n = 0, we combine (5.51) with (5.53) and (5.57); this gives us the main

term and C; as in (5.58). For the error term, we combine (5.51) with (5.49), (5.54), (5.56)
and (5.57). This yields the following admissible value for CI:

Ci = C()'ClCi‘ka‘kfl,
Cl = Cf + ¢y -22mit L p2mtl (o)~ sk =5k 5 =D g
| Vg1 5 0k+1 —1g2_2§42 , D (5.58)
<Cy+Co 28 F skt o(ok) T2 mak s D g

1;2, 8 11 1;2, 8 5
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Forn = 1,...,D — 1, we combine (5.52) with (5.53) and (5.57); this gives us the main
term with C,4; as in (5.59). For the error term, we combine (5.52) with (5.49), (5.55),

(5.56) and (5.57). This yields the following admissible value for C;rl I

k n—1
4 (sfk) _k \"
Cni1=Cpn- <1> (Cr1Chyy kil)(“”k) :
ks o (559)
Pt ~lp-1 (%) mnar+173.2mn1+17.~1\ (525 )"
Cli1=Cl+Cn(2(2k) (2 k k=) :
We bound le 41 further by
K (+%)"
cly <ch+c, ((2(%)5’“) .22mn+1+1k2mn+1+1k1>
. (5.60)
<cl+ce, (2—%’“2“*3?’”114—%’“2*%’“) ()"
O

It remains to estimate ¥ p. This is done with the help of Proposition 5.3.16 and yields

the following proposition.

Proposition 5.3.18. With the assumptions as in Proposition 5.3.17, we have

2.2 _ D s— i s5—
‘FD S CD+1X%Z)D(SEIC) 0777 572kk Z'LiO b"(ﬁ) 0 + CTD . Xine 57215’
where
e \D—1
4 (s—k) , (L)D
Cpt1=Cp-| — Cpgr *F

k3

and

Chyy = 95k(k+5)+4  3k(3k=2)  p—5k(k—2)+1 (s—k+ kQ)k

=C) - 2%,

Proof. The proof follows from Proposition 5.3.16 combined with (5.53) applied to (5.46).
O

We are left with estimating the constants. For n = 1,..., D, we have from (5.48)
O oima—2kt2 p2mn < oMkt2 20k

and from (5.50)

C! = 95k(k+1)+5  ,3k(3k—=2)  —5k(k—2)+1 (s—k+ k2)k'
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By inserting this into Proposition 5.3.17 and using the Definition (5.59), we get®

2(s— n2( k)
C, <23k k-1 3k k22D <1 + 19) o) : <41> i (55
X ks /. (5.61)
L2y 38lpyr k2 1k, —1k24+ 9% k S (#5)
(2B IR () 1))
forn =1,...,D. We further have
92k < 213—4k+2 . k%k ey
By using these two inequalities with Proposition 5.3.18, we get
2(s—mo) S ()
3 1171, 1 197 o 1 4 i=0 \s—Fk
Cpit §2§kz2+7k 1p5k?+§k—2-2D (1 + XG) ) <k1)
s (5.62)

D k_\*
124381 332 1, _1p2419 2o(347)
.<22k + R SR~ Sk — 5k +3k(/\+1)k> _

We now turn our attention to bounding C). We continue the estimation (5.58) for CI:

T K24, 124 198 o D 3p2 1l 9, 152,19, o p 1 2(s—mo)
Cl <2 3V k2 6 + 22 2 k2 6 14+ 7
X
9= 5k’ + 5k L5k +5k+5-D
(5.63)
dp24 U1 1g24 0% 2 p 12
<22 2 k2 6 14+ ﬁ

1 11 1 8 11 1 8 5
. (27§k27Fk+1 + 2—§k2+§k+?k75k2+§k+§fD) .

By using induction on (5.60) with (5.61) and (5.63) as a base, we further find

f Sp241lyp 1. 122,19, o p 1 Q(Sfmo)
Co 220 727kt 1+ 55

1,2 11 12,8 11 1;2 8 2

n 4 ;lg(ﬁ)ﬂ R s A Zi:é( k )j
+k_1z <k1> <2§k +Fk+7ezk —§kk,—§k +?k()\+ 1)k;) j=0\s—k
i=2 3

forn =1,..., D, where we have made use of the inequality

12,10 12,7 12, 31
9= SK+ k1~ 2k 4+ Tk o2k2+ 34T

3122 1
gk =gk~

=

e k2+L§k(A+ 1)k

and k~P < k7L Let us now tame the inequality (5.64). We have for any n € Z

4 E?:o(ﬁ)l 4 ﬁ 23
<1> < max< 1,sup <1) < < 2k
k3 k>3 \ k3 V3

a Here and throughout this section, Z;:lo denotes the empty sum for any [ > 0 and equals 0.
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as the latter is a decreasing function in k. Let M denote the maximum of the quantities

1 11
PRPLES
1,2, 87,8 132,842
IRy Sk 8 1R2y 8k 2
272 EREEY ) 3573 (5.65)

s [R——

then we have

T 3p24p Uy 152,190 o p 1 2(s—mo)
Cp =220 T2tk T 1+ <5 (D +1)M

N

2,115 112,19 1 2(s=mo)

Returning to (5.62), we also have

T T T
Cpyr < 22MHEREETEE2 (14 M.
We immediately see that the middle expression in (5.65) is dominated by the latter one.

We also make use of the inequality A + 1 < k% and hence M is at most M,, where we
recall (5.11):

s—k

12,31 3p2_ 1p. 122,25, \7 __1;2 11
Mgy = max (22k+6k+7e4k 2kk 2k+3k> , 2 sh"—ghk\
76{1’3—21@

We conclude the following proposition.

Proposition 5.3.19. Let s,k € N with k > 3 and 2log(k) > A = 55£ > 1. Further, let D > 1

be an integer and set § = k=~ P+, Assume that
Jor(X) < Clogy(2X)P X252kt )40 yx > 1,
for some 0 < dand 0 <n < %k(k + 1). Then, we have
Jon(X) < C'logy(2X)7+ 3ot x 25— k(b4 1)+ (XM n X_”G%) VXO > 2,

where
D

K2k —1)._p s—2k ,
AN="2 I\ b o AT
2s p— ; ’

! 3p24 g 132,19, o 1 2(s—mo)
02022 2 ka 6 1_’_@ MO,

with mg as in (5.44) and where M is defined as in (5.11).
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Now, we want to bring Proposition 5.3.19 into a shape which one can iterate easily.
For this matter, we want to optimise our gain in the exponent. The optimal choice of
D is in general not an easy problem and leads to complications in further calculations.

Nevertheless, there is a reasonable exponent gain one can achieve, namely —7¢*=2%. This

is reasonable because if ) is close to 1 all terms are of almost equal size and if X is large
the positive term gets very small and thus can be handled by the tail sum.
Let us first assume A > 1. Then,

s—2kz+k2(kz2—1)
s—k 2s

s— 2k AL(1-AD)
s—k 1—x1t 7

A=—n -

and we would like A < —n%. Thus, we require

<k2(k2—1)+ s—2k A1 >)\_D< s—2k A1

25 s Tk 11 s 11

or

Now, we have

2—1s—kA—1 k-1 X A—l_(A—l)(k2—1)<)\—1
s s—2k A AXe+1XE—1 X A2k2-1 T A2

Hence, it suffices to have
log (%% + 1)
D >

Tog () (5.66)
In the case A = 1, i.e. s = k(k + 1), one needs
K2(k?—1) s—2k k2
— D < D> —
2s Ts ko= 0eD2 2n’

which is recovered from (5.66) in the limit as A — 17.

We are now able to balance the two inequalities in Proposition 5.3.19. We make the
choice Xg = 4k and use the trivial inequality for 1 < X < Xj and the new inequality
for X > Xj. Thus, we have for 1 < X < Xj:

Tok(X) < Clogy(2X)0 X2 ak(k+1)+n

< Clog, (2X) X2 3Hb+10 (X0 x =105 ) (5.67)

<C. ok*+k sk + 5k IOgQ(QX)szrQ;kk%llX%f%k(kJrl)Jrn . X—ness—_,f’

where we have made use of n < %k:(k +1). For X > X, we further need to estimate

1 2(s—myo) 1 2)\k2 " )
14+ — <14 — < eV < KR,
(exg)  =lem) =
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Thus, in this case, we get

372,11 152, 25
J57]€<X) §C2§k +?k+1k§k +?k—2 'MO

.68
221 X2s—%k(k+1)+n _X,ness—}kk. (5.68)

log, (2X)°T

By comparing the two constants in (5.67) and (5.68), we find that the latter is larger and

thus we conclude the proof of Theorem 5.3.1.

5.3.6  Final Upper Bounds

In this section, we consider a more general system of equations

l s
ng'_ Z xg:Nja (J=1,...,k),
=1

i=1+1
with integers 1 < z; < X. Let I, ;,;(IN; X) denote its counting function. We shall use
a Hardy-Littlewood dissection into major and minor arcs to establish an asymptotic

formula

I57k7l (N’ X) ~ 6s,k,l(N)js,k,l(N)Xs_%k(k"'l)

with an effective error term, where S, 5 ;(IN) and J; x;(IN) are the singular series and

the singular integral, which are given by

0 k
s S a;N;
Sori(N) = > Yoo (@ m) " Se(a) Sgla) e | Y B
q1,qn=1 amod g j=1 aj
(ai,q;)=1,i=1,...,k
and
k
_ ! s—l BjN;
Fosa(N) = [ 18T e | =325 s
‘]:
where

We achieve this by using a good enough estimate for J; ;(X) in the minor arcs, which
we will get by iterating Theorem 5.3.1. To make our life simpler, we restrict to the case

A > 1 and think of A as fixed as in this case we see that D only grows logarithmically in

k2

o which, in return, makes the constant smaller.
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We will iterate Theorem 5.3.1 as follows. We fix D and iterate as many times as needed
till we get an exponent 7 that is too small to apply the theorem with the choice of D we

fixed. For this purpose, we need to reverse engineer the inequality (5.66). We have

B A—1 B A—1 2 A2
- . +1=—". 14 =L
2n A2 2n A2 k2 A—1
k2 A—1 k(k+1) A2
<. _~ (1 .
— 2 A2 <+ k2 )\—1>
B2 A—=1(k(k+1) X+Ar-1
<. (k+1) A+ (5.69)
2n A2 k2 A—1
Ck(k4+1) A24+a-1
2 A2
_ 5 k(k+1)
! 2n

as A < 3A? + 1 by the inequality between the arithmetic and geometric mean. Thus, we
are able to apply Theorem 5.3.1 as long as

5 k(k+1)
A S
=4 ToND

which immediately leads to the following proposition.

Proposition 5.3.20. Let s, k, D € IN with k > 3 and 2log(k) > A = 5]:2’“ > 1. Assume that

Jor(X) < Clogy(2X)° X2 —2kkH0Tn vy > 1,

for some 0 < dand 0 <n < max{ k(k+1),2- &’“D“l) } Then, we have

log()\) <2k kD+1+1
J&k( )<C [22k2 11k+1k1k2 25k 2M0 10g2(2X>2>\k 1} og( )

. 10g2(2X)5X25—%k(k‘+1)+7]/7 vX > 1’

or some i < 5. Bk - U and where M as defined in (5.11).
<7 7ox

Proof. If n < 2 - kg‘;”, then the statement is trivial. Otherwise, we are able to apply

Theorem 5.3.1 and we receive an inequality with

, 1 Me—1
TEE e )

Ifn <2. kgi\zl), then we are done otherwise we repeat the process. After at most
{kD“ Al log()\)-‘ < EPTI " _log(M\) +1
Ak —1 Ak —1
iterations we are guaranteed to have n’ < 2 kg“;; ) and hence conclude the proof of the
proposition. O
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We get the following corollary immediately.

Corollary 5.3.21. Let s, k, D € N with k > 3 and 2log(k) > \ = 5,;2'“ > 1. Then, we have

D
22k—1 Tog()\) b K2k =14 D

Jo(X) <[22 gy (2) RS

_1 5 k(kt1)
X2$ 2k(/€+1)+4 oxD VX Z 17

)

where M as defined in (5.11).

The next step is to get an asymptotic formula as well as an upper bound of the right
order of magnitude. From now on, we restrict ourselves to the case A = 2,i.e. s = 2k + k.
For this purpose, we follow the argument throughout pages 114 to 132 of [ACKo4] and
insert Corollary 5.3.21 in the treatment of the minor arcs.

First we bring the estimate in Corollary 5.3.21 into a shape without logarithms. For

2k

X > 17, we have log,(2X) < 2log(X). Moreover, we have 32 < 9. Furthermore, we

have the inequality
ngw<<;) X8 Va,8>0,X >e,

as the function alog(log(X)) — Blog(X) reaches its maximum at X = e?. Hence, we

conclude for X > 7, that

D
log,(2X) 251 (tog(2) g2 k2 524 D)

ak=1 (16(2) 2k k2kD*1+D
— D _ _ — —
gi—% <10g<2)21351k2kk—11 +D) * 1( s ) 5 k(k+1)
< 2. s RO X 4 2D+1
T oD
11 (6 2kP 1
2.6-20 /6 kP —1 B ($los@m 554D) )
< | == [ Zlog(2)k? D X 173D
—[k:(k:ﬂ) (5 BT ﬂ 2

holds. Furthermore, we have

6 EP —1 6 EP —1 D
~ log(2)k? D < ~log(2)k? 14—
50g() 1 T _50?;() ( +glog kD+1>

P —1
k2

=" k-1

3, D41
< Z
< 2k
and
2.6 EP —1
k2 <26- kP < KD,
k(k+1) k-1 — k2 —1 =
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Hence, we may conclude that

3k—1<10g(2) 2k 12k

D4 11 (3.D+1 5 k(k+1
k—1 2k—1 k—1 +D) (Ek ) g4 )'

log,(2X) = (2DkD)?
Hence, by increasing the constant appropriately we are able to have that the dependency

k(k
—Lh(kt1)+5 HEED

on X is only X 2 . We now make use of this inequality in the treatment
of I in [ACKo4] on page 121 with k; = k% and ks = 2k% + k. In order to have a power

saving, we need

k(k+1)

5D < k2 p = k*- (8k*(log(k) + 1.5log(log(k)) + 4.2)) 7!,

5
4
which is equivalent to

10k(k + 1) (log(k) + 1.5log(log(k)) +4.2) < 2P.

Since we have k + 1 < 4k and 1.5log(log(k)) + 4.2 < 4log(k) for k > 3, it is sufficient to

have
2
%1& log(k) < 2P
or
2log(k) 4 log(log(k)) +4.2] _ 2log(k) + log(log(k)) + 4.2
D:{ og( )+10g( og(k)) + WS og(k) +log(log(k)) +4.2 (5.70)
0g(2) log(2)
Hence, we conclude that
%kDJrl
| < l2gk2+§k+1+Dk;k2+%§k—2+DM0] . (Qk)2k3+11k2 . X 25— gk(k+1)—6 (5.71)

for some § > 0 and where D is given by (5.70) and My as defined in (5.11). The rest of
the calculation goes through as in [ACKo4] except that one has to increase the constant
to four times the maximum out of k3% and the constant in Equation (5.71). Hence, we

conclude the following theorem.

Theorem 5.3.22. Let k > 3, s > 5k? + 2k. Furthermore, let X > s'°. We have the asymptotic

formula:
Lkt (N; X) = Gy (N) T gy (N) X5 2R R0 < 0 x5 k(b 1)=0,

as well as the estimate

Lry(N; X) < C x5 2hbH1)
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where C is the maximum of 4k>%" and

331.D+1
0F

312 11 12,257, 3 2
[22]{: +7]€+1+Dk§k -‘r?k 2+DMO 4(2k)2k +11k ,

where M as defined in (5.11) and

_ [2log(k) + log(log(k)) + 4.2
o= log(2) [

137






THE COVERING EXPONENT OF §3

6.1 INTRODUCTION

The question about a covering exponent is closely linked to the question of intrinsic
Diophantine approximation. To elucidate this, let us review the classical question about
Diophantine approximation of a real number £. The approximation exponent (&) of &

is defined as the supremum of all real numbers p such that the set

{(p.q) e ZXNI|[§ -] <q "}

is infinite®. We may define a second exponent /i(¢), which will tell us more about how
sparse the above set is. The exponent /() is defined as the supremum of all real num-

bers such that for every sufficiently large () the set

{(paQ)GZXN’qgQ/\’é‘_E‘<Q7u}

is non-empty. Clearly, we have the inequality 2(§) < p(§). We may take this one step
further and ask about a uniform exponent /i which we define as the supremum of the

set
{HERPFAN EN:VQ=N:V{€[0,1]:3(p,q) EZXxN:q=QAN[{-E|<Q "}
Equivalently, it is the supremum of all numbers p such that for large enough @ we have

P O—H
U BEe* 201,
(p.q)€ZXN
9<Q
here B(xz,r) denotes the open ball of radius r around z. The covering exponent
K ([0,1],Q) now represents a normalised version of i as it shall take into account how

many balls we had to use. In this case, the number of balls is of the order Q? and the

covering exponent is defined as 2/ and we easily find K([0,1],Q) = 2.

a Usually one forces the distance to be positive, but for the sake of comparison we allow 0.
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6.1 INTRODUCTION

In the general setting, we are given an oriented compact smooth Riemannian manifold
M, which usually is given by a compact subset of all real solutions to a set of polynomial
equations, and a dense subset Q together with a height function H : Q@ — R such that
the sets H~1([0, Q]) are all finite for every Q € R . For example, Q might be taken to be
the set of all rational points (or S-integers) on M and H the usual height function. Set
V(Q) to be supremum of the volume of all balls B(&,r) C M which do not contain any
point of H1([0,Q]). Then, the covering exponent is defined as

. log |H~1([0,Q))|
K(M,Q,H) = M SUp 4 ol (M) /V(Q)

(6.1)

The covering exponents satisfy trivially K (M, Q, H) > 1 and measure on an exponential
level how far the set Q is from perfect equidistribution.

The work on covering exponents gained a lot of popularity after Sarnak, in a letter
addressed to Aaronson and Pollington [Sar15b], pointed out the connection between the
covering exponent of S? and efficient quantum computing on 1-qubits via the isomorph-
ism S3 =2 SU,. In the same letter, he mentions that a result of Kleinbock—Merrill [KM15]
implies K(S™,S"(Q),H) = 2 for n > 1, where H is the usual height function. If one
wishes to get a smaller covering exponent one needs to consider sparser subsets of the
rationals. Sarnak considers the set of {0, 5}-integers and shows amongst other things
that

K (5% 8%(Z[}]),H) <2,

3 <K(S% 5%Z[%]),H) <2.
Here, the lower bound % comes from a Diophantine repulsion property, which forces a
large annulus around (0, 0,0, 1) with no solutions of small denominator. Heuristically,
the rational points are the worst approximable numbers and hence Sarnak goes on and
conjectures that indeed K (5%, $3(Z[1]),H) = 3.

Sardari [Sari5a] takes this one step further and considers only those rational points
with a given denominator. In the case of S, this clearly constitutes a finite set and hence
can’t be dense. Therefore, the definition (6.1) needs some tweaking. Let us assume that
M is given by the 1-level set of a single homogeneous polynomial of degree d with

integer coefficients. Let My = N . M denote the N-level set, My (Z) the set of points
of My with integer coordinates, and V (V) the volume of the largest ball B(¢,7) C My
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that does not contain a point of My (Z). Then, the integer covering exponent is defined

as

. log |Mn(Z)|
K(M.Z.B) =1
(M, Z,B) B e Tog vol(My) /V (N)

here B C IN is a set that avoids certain “bad” integers. Say for example B = 2IN — 1 in

(6.2)

the case of S3. In his paper, Sardari [Sar15a] manages to prove (amongst other things)
K(S",Z,N)=2—-2 Vn>4,

and

K(S3,7Z,2N -1) < 2. (6.3)

For the sake of completeness, we shall also state a result of Duke-Schulze-Pillot [DSPgo],

which implies

K(S%,Z,AN+1) < %.
This follows [DSPgo, Lemmata 3 and 5] with the choice of a bump function that approx-
imates a ball of radius §. We should remark that such a function satisfies condition (iii)
of [DSPgo, Lemma 1] and Py >> §2.

In section 6.3, we reproduce Sardari’s result and extend it to show that the twis-
ted Linnik conjecture 4.0.2 implies K(S3,Z,2N — 1) = %, from which Sarnak’s con-
jecture K (5% ,5%(Z[1]),H) = 3 follows. In section 6.2, we shall give a short proof
of K (53,2, 2N —1) < % based on the theory of automorphic forms, followed up by
Sarnak’s argument for K (S, Z[1]) < 2, which also shows K(53,Z,2N —1) < 2. In

section 6.4, we shall compare the two approaches and discuss how they may be unified.

6.2 AN AUTOMORPHIC APPROACH

Let w : R — [0,1] be a smooth bump function with Suppw C [0,1] and w([0, 1]) = {1}.

Further, let £ € S be a point and € > 0 a parameter. Our aim is to prove

T . (nx/m—enz) - 6

€
xeczZt
lzl53=N

for an € as small as possible. We note here that ||z — £||3 = 2(1 — (x, £)) as a function in

x € S® depends only on the angle cos(f) = (z, ). Therefore, it makes sense to expand
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in terms of spherical polynomials, where we chose £ as the north pole. The spectral

expansion (see [Iwagy, Chapter 9]) reads

<rw sm> §jwnn 69

here
sin((n+1)0)
sin(0)

are the Chebyshev polynomials of the second kind and

o= [ o () vtie s

2 [T V2 . 2
— /0 w < 1—cos(9)> sin(0)°Uy,(cos(0))db (6.6)

Up(cos(9)) =

Yy (}”Vq_lj (o)~ e,

We shall list a few properties of the Chebyshev polynomials of the second kind, which

we shall need. They are the orthogonal polynomials with respect to the inner product
/ f(z)g(x)V1 — z2dz,

which is what we secretly exploited to get the expansion (6.5) (as well as the Stone-

Weierstrass Theorem). Moreover, we have

AgsU, = —n(n+ 2)U,, (6.7)
Un(—z) = (-1)"Up(x), (6.8)
|Un(cos(0))| < min{n + 1, |sin(9))| 7'}, (6.9)

where Ags denotes the Laplace-Beltrami operator on S3.

Returning to (6.4), we find

53”” > u((mre) (610)

Z4
||56||2—

by inserting the spectral expansion (6.5). By pairing up x with —x, we find using (6.8)
that the terms with n odd vanish. The term with n = 0 will be our main term. By (6.6)
and Uy = 1, we have

wo Y, Uo <<||$x||2’£>> = wora(N) > ra(N). (6.11)

566224
llzll5=N

It remains to analyse the terms with n > 0 even. We start by bounding w,,.
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Lemma 6.2.1. Let n > 0 and A € INg. Then, we have the bound

wp <4 € min{l, en}(en) 24
Proof. We have

(nln+2) %, = [ o (25 agu (@ 0)dso

= [, st (L252) 0, (0. ) ase

. i/n Asw (? 1—cos(9)>

<4 E_2A/ sin(#)? min{n, sin(0) ~*}do
0

sin(6)? min{n, sin(9) ' }dh

<4 €min{l,en} -,

where we have made use of the self-adjointness of the Laplace-Beltrami operator and

(6.9). O

= ()

xeZ*
=3=N

In order to bound

we shall relate it to a Fourier coefficient F;(N ) of a function F,, : H — C, which we

R = X 1ol ((apo€) ) e (p1etie)
= gﬁn(m)e <;mz> .

We shall require a lemma on Fourier transforms.

define as

(6.12)

Lemma 6.2.2. Let P be a polynomial in d variables. Then, we have

F [P(q;)e—wn:cn%} = P)e-ele2mite) g

_ [exp <A4§d> p] (—iw) - e=lll3,

here Aga denotes the Laplace-Beltrami operator on R?.

Proof. By using linearity, it suffices to prove this for monomials. Further, using Fubini it

suffices to prove this in the case d = 1. We shall prove the claim inductively in the degree
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2

m of P.If m < 0, then this follows from the well-known equality F[e ™"](w) = e~ ™",
For the induction step, we may now assume that P(0) = 0 and write P(z) = zQ(x). We

have

FlaQ(r)e ™| (w) = ———-L FlQ(a)e ™| (w)

2mi dw

1 d A 2
=5 [exp <4;I:> Q:| (—iw) - e ™
1 d AR . w2, W AR . —mw?
=5 [daﬁ exp (477) Q] (—iw)e + n [exp <471> Q] (—iw)e
— oo (2) @t oo (52) @] (e

_ AR IN—
= [exp (471_> P} (—iw)e .
As a Corollary, we immediately find that

7 |l ((2006) ) 8| @) = (arelgun ((7206) ), 69

since

BssUn((e,8)) = ~nln+ 2,2, &) & S lel0 ( (27-.€)) =

Poisson summation now tells us that for A € R* and ¢ > 0 we have

3l + AU, <<ME>> —tllz+Al3
2

xeZ4
N\ —n— n w -7l 2 omi
= (—i)"t ? Z w3 Un <<H‘*’H27€>> e mellwllzg2mite.A), (6.14)

weZ4

Two values of A are of importance to us, namely A = 0 and A = % By analytic continu-

ation in the variable it, the former yields

1
Fo(2) = —2"2F, <—Z> . VzeH, (6.15)

or simply Fy|n+2 ({ ') = —Fy, and the latter yields

n2p (1 _ i) - 3 J=l3U, <<wa||2£>> e (;HmH%z) , VzeH. (6.16)

zezZ4+1
Equation (6.15) together with F,,(z +2) = F,(z) & Fy|n12(}%) = F,, which can be

easily seen from the definition (6.12), implies that F}, is modular of weight n 4 2 with

respect to the theta subgroup I'y, as I'y is generated by the matrices —1, ({ 2),and ({ ).
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The theta subgroup has two cusp oo and 1. Hence, the expansions (6.12) and (6.16) show
that F}, is a cusp form (recall n > 0).
We now intend to expand F;, in terms of an orthonormal basis of Hecke eigenforms.

n+2

To this end, we note that G,,(z) = 2 2 F,(2z) = (F|,1242)(2) is a cusp form of weight

n + 2 with respect to I'g(4) and trivial character. Since I'((4) is generated by —1,({ 1)
and (} ), this follows from the two matrix identities

-1

2 0 11 2 0 1 2
= ely
0 1 0 1 0 1 01
and
-1 -1 ~1
2 0 1 0)(2 0 10 0 -1 1 2 0 -1
01 4 1 0 1 2 1 1 0 0 1 1 0
We shall require a bound on the Petersson norm of H,,.
Proposition 6.2.3. Let n > 0 be an even integer. Then, we have
2 2. nt2dzdy -n 2te
Gnl” = |Gn(2)]7y — e (2m)""T(n+2) -n""¢.
Fro(4) Y

Proof. We have

ntodzdy a2 dzdy
| teary Rt = [ mes eyt
Fro(a) y Fro(a) y

— / \Fn(z)|2y”+2M
Fr) y?

dxd
2 [ IREPY
Fr, Y

We further bound the latter by

oo 2 oo rl
) Fn 2, mn
(@Awmmw%é

2

2

2" 2R, (1 — 1>
z

y"dwdy) = 2(71 + 1), say.
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6.2 AN AUTOMORPHIC APPROACH

We shall only deal with Z; as Z; may be treated in the same fashion. We insert the
Fourier expansion (6.12) and integrate over x. We find

n _m n —my(ImlI3-+U13)
fo 3, vt ({1 (o)) o

m,leZ*
||m|| =3

7

2

— * n —2rky n

e 5 (4| ve
2 k=1 EZ4

[m|3=

2

o0 o

_ . m|2

< Z ke 2mky Z min {n +1, I } y"dy.

2 meZ4 \/HmH% —(m,§)?
[m|3=k

Let us first deal with the part where £ > 10n. In this case, we have that the inner sum is
bounded by
n2 Z k,n+3e—27rky < n2 Z nn+3(2ﬂ_y)—n—3€—ne—7rky
k>10n k>10n

< nn+5 (27T6>—ny—n—36—107my.

Hence, the contribution from k > 10n towards Z; is bounded by

oo
n""(2me) ™™ /f e 10y =3y < O (2me) e 10, (6.17)
V3

3
This is sufficient. For £ < 10n, we interchange the integral and summation in Z;. We
further extend the integral all the way down to 0 and find that the contribution is at
most
2
2(2m)' "I ( )lfk 3 min{ Il }
oo "Vl = (m €2

k=1 meZ*
[m]i3=k

10n—1
=2(2m)17"T'(n) <10nA (10m) Z Ak ) ., (6.18)

where )

. (kedP

AX) = min < n,

) 2 m%; {” wrm\%—<m,e>2}
[ml|3=k

It suffices to bound A(X) from above. For this matter, we need to borrow two proposi-

tions from the geometry of numbers.
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6.2 AN AUTOMORPHIC APPROACH

Proposition 6.2.4 (Minkowski’s second Theorem). Let K C IR™ be a closed convex centrally
symmetric set of positive volume. Let A C R™ be a lattice and further let A\; < Ag < --- < A\,

be the successive minima of KC on A. Then, we have

n

2
— vol(R"/A) < Mg+ Ay vol(K) < 2" vol(R™/A).
n!

Proposition 6.2.5. Let I C IR"™ be a closed convex centrally symmetric set of positive volume.
Let A C R" be a lattice and further let \; < Ao < --- < A, be the successive minima of K on

A. Then, we have

. 2
KNAl< 1+—.
| "iHl<+%>

Proof. See [BHW93, Prop. 2.1]. O

In order to bound A(X), we partition the points m into sets of the type B(R), which

are defined as follows

[m]2
< <2R
Viml3 — (m. £)?

We shall make a change of variables. Extend e; = £ to an orthonormal basis e1, ez, e3, e4

m e B(R) & R (6.19)

of R* and set 7; = (m, e;). Then, we see that the condition (6.19) implies

M3 + M3 + M < (6.20)

Fix a k and consider all points m € B(R) with ||m||3 = k. They are 1-separated. Further
note, that the cylinder (6.20) intersects each ball of radius % around a point m € B(R)

with ||m||3 = k with a (uniform) proportion of its volume. Hence, we deduce
3
. k2
[{m € Z|m|3 =kand m ¢ B(R)}| < min {kHo(l), 1+ RZ;’} . (6.21)

We are now going to refine this estimate as k varies in an interval [M,2M]. In this case,

we have the conditions

(6.22)

This defines a centrally symmetric cylinder K. By Proposition 6.2.5, the number of points

m inside K is bounded by

1 1 1 1
< A * A1 A2 * A1A2A3 * AA2Az Ay
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6.2 AN AUTOMORPHIC APPROACH

Clearly, we have \; > M ~3 and AAadz s > M 2R3 by Proposition 6.2.4. We also claim
MMy > MR and MAods > M~2R2. Let us illustrate this for A\ \o. Let v1,v2 be two
linearly independent vectors for which the second successive minima is attained. Then,
Zwv; + Zwvy is a lattice with co-volume at least 1 and vol(K N (Rv; + Rvg)) < MR™!
and hence by Proposition 6.2.4 we have A\; A2 > M~1R. The bound A\ A2A3 > M2 R?

follows from the same considerations. Thus, we find
4 2 1 M?
[{m € Z*|M < |m|5 <2M and m € B(R)}| < Mz + 5 (6.23)
We shall remark here that the bounds (6.21) and (6.23) still hold if we replace the set

B(R) with the set C'(R), where

R )
" VImlE = (m.€)?

We shall make use of this when R > n. From Cauchy-Schwarz, it follows that

meC(R) < R

2

A@M) - A(M) = Y 3 min{n 2 }

MSkSQM m€Z4 ’ \/HmH% - <m’€>2
[ml5=k
2 2
logs (n)] Log2(n)] 52 n2
< Y > mitw Yoo > | Xt (6.24)
M<k<2M \ i=0 =0 M [ml3=k : [[m|3=k
meB(21) meC(n)

for some positive weights (;, 11, which we shall choose in due time. Equations (6.21) and

(6.23) imply

7
M2 M3+o(1)
Z Z 1 < mln{Mé—‘r— 6 ’M%+0(1)+ 7 .
mk<omt | jmig—
meB(R)

Hence, (6.24) is further bounded by

llogy (1) L§logo(M)] o0+ o log, ()| : 7
22t M\ f +o(1) 221 1 M3
( - Hi +M> Z i Z <M2 BT >

i i M =13 toga () +1 1

[logo(n)]
+ Z Hi =+ p

=0

=3
N

<

|

+
=
~

>

N

N
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6.2 AN AUTOMORPHIC APPROACH
We make the following choices for the weights: u = n - M i and

2731, 0 <i< Llogy(M),
Hi= Y Ma272, flogy(M) <i < 5logy(M),

Mi2',  glogy(M) <i < [logy(n)].

We find that for M <« n we have
A(2M) — A(M) < M3 4 23

and hence A(10n) < n*+°(1), from which the Proposition follows.

Corollary 6.2.6. Let N > 0 be an odd integer and n > 0 be an even integer. Then, we have

B, (V)] < n3tot) N2t +o(),

Proof. Let By, 12 be the Hecke basis (3.52) of weight n + 2 for T'y(4). We have

F,(N)=2"2"1G,(N)

~

=277 " (Ga, /)F(N)

feBn+2

(2m)2 22l 1o(1)
« TN ST (G, )
I'(n+2)2 FeBns

(2m)%
T(n+2)2
< piato) yigtto(l)

n+1 1
N7 0B, |3 ||Gh||

Combining everything, that is (6.10), (6.11), and Lemma 6.2.1, we find

T . (nm/@ - §H2> = (V)40 (¢ Fr N

xcZ*
l=]3=N

In particular, we find

5 w(llw/WY—&Iz) -

ezt
l=]|3=N
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6.2 AN AUTOMORPHIC APPROACH

as soon as € > N~ 779 for a § > 0. This shows K(S%,Z,2N —1) < L. This argument
is slightly inefficient as we use an L?-decomposition in two different spaces. It is more
efficient to stay in the realm of harmonic polynomials and use the theory of Hecke
operators there. This is Sarnak’s argument [Sar1i5b]. In order to describe the argument,
we shall identify S with the quaternions of norm 1. Let Q(Z) = Z + Zi + Zj + Zk
denote the integer quaternions. As in [LPS87], we can define the Hecke operators on

L%(S3) for m odd by
1 o
i) =5 3 1 (ime):

|3 =m
They are self-adjoint operators which commute with the Laplace-Beltrami operator Ags.

Moreover, they satisfy

TnT, =T =TT, (mal) =1,

and

T,,T) = Z d-T%.
d|(m,l)

Since the —n(n + 2)-eigenspace of L*(S?) is finite-dimensional, we simultaneously diag-
onalise this space and find an orthonormal basis of eigenfunctions ¢;. Let A;(m) denote
the eigenvalue of ¢; with respect to 7T},,. By the same arguments as in [LPS87], we find
IAj(m)| < mz W) for m odd. We shall briefly sketch this argument. As before we can
build a holomorphic cusp form F(z) from f(x), a harmonic polynomial of degree n. It
turns out that this map commutes with the Hecke operators in the sense that the mod-
ular form attached to (7., f)(x) is the same as ml_g(F\nJrng)(z) for m odd. Hence,
the bound for \;(m) follows from Deligne bound for the eigenvalues of holomorphic

newforms.

Moving on, we claim that we have the following expansion
1
Un((@,€)) = =7 2 :(€)05(x). (6:26)
n+1 7
We start with the L2-expansion

Unl(@.€) = 3 15 €)0y(2).

with 11;(€) = (Un((-,€)), ¢;). We compute this integral using spherical coordinates with
£ being the north pole. By integrating first over the variables different from arccos((x, £)),

we see that we leave U, ((-,£)) invariant and we just average ¢; along those variables.
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63 A CIRCLE-METHOD APPROACH

The resulting function is an eigenfunction of Ags with eigenvalue —n(n + 2) that is rota-
tionally symmetric around £ and thus is a multiple of U, ((,£)). One easily checks that
the scaling factor is ¢;(£)/(n + 1) and hence ;;(€) = ¢;(€)/(n+ 1). As a consequence

we find

L= () = T lns@P = 3 1280, wee s

We conclude

> 0 ((m€)) = g ST 05(6)

xcZ* J
zll3=N

1

=— Zx\j(N)¢j(1)¢j(€)

% o(1) % %
<<N; (Z¢j(1)2> (Zéj(&)z)

<<n-N%+°(1).

This, in turn, yields

Z w (|w/\/ﬁ—§”2> = Ery(N)+ 0 (Eo(l)N%Jro(l))

€
xezZt
=3=N

and consequently K (S3,Z,2N — 1) < 2.

63 A CIRCLE-METHOD APPROACH

In this section, we illustrate a circle-method approach to the problem based on the
smooth delta symbol circle method 5.2. Building on the work of Sardari [Sar15a], who
used this approach to show K($%,Z,2N —1) < 2 and K(S",Z,N) = 2— 2 for all
n > 4, we shall establish K (S3,Z,8N +4) = % under the assumption that the twisted
Linnik-Selberg Conjecture on Kloosterman sums 4.0.2 holds. The subsequent work is
taken from a collaboration of the author with Browning and Kumaraswamy [BKS17] to

which we all contributed equally.
In contrast to the automorphic approach, we shall make use of the ambient space R*.

However, we shall choose a weight function that approximates an e-ball on the sphere S3.

We do this by choosing a weight function which limits the to S3 normal direction. Let
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63 A CIRCLE-METHOD APPROACH

wo : R = R>( be a smooth weight function with unit mass, such that Supp(wy) = [-1,1].
We will work with the weight function w : R* — R>o, given by

(o) = (1226 (20590 -

€

Our aim will be to show

xezZt
l=[3=N

for any IV € 8IN + 4 large enough. More precisely, we shall prove the following Theorem.

Theorem 6.3.1. Assume Conjecture 4.0.2. Then, we have

3 -
> (w) = € NgooG ) <€4N1+o(1) +€;Ng+o(1) _’_€N%+o(1)> 7

where oo, >> 1 is the real density of solutions and & >> N°1) is the product of non-archimedean

local densities, given by

S = Hap, op = kli_)ngop*?’k#{:n e (Z/p*2)* : F(x) = N mod p*}. (6.28)
P

As a consequence one finds K (53, Z,8N + 4) = 4. We shall show this by making use

of the smooth delta symbol circle method 5.2.1. We find

E(w) = 530 30 SiSile)yfe), (6:29

q=1 cc7*

where

Sie) =3 N eg(a(Ibl3—N)+b-c),

amod g bmod q (630)

Our specific choice of w will allow us to take @ = ev/N, which we shall fix. We shall
also assume that N > ¢ 2 in order to guarantee (Q > 1. In Section 6.3.1, we shall
explicitly evaluate the sum S,(c) using Gauss sums. Next, in Section 6.3.2, we shall
study the oscillatory integrals I,(c) using stationary phase. Finally, in Section 6.3.6, we

shall combine the various estimates and complete the proof of Theorem 6.3.1.
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63 A CIRCLE-METHOD APPROACH
6.3.1  Gauss Sums and Kloosterman Sums

In this section, we explicitly evaluate the exponential sum S,(c) in (6.30), for ¢ € Z*
and relate it to the Kloosterman sum S(m,n;c) in (3.11). The latter sum satisfies the

well-known Weil bound
1S (m,n;c)| < 7(c)y/(m,n,c)Ve, (6.31)

where 7 is the divisor function.
Recalling that N € 4NN, it will be convenient to write N = 4N’ for N’ € IN. We have

4

Sq(e) = Z* eq(—4aN") Hg(a, ¢y q), (6.32)

a mod g i=1

where

G(s,t;q) = Z eq (862 +tb),

b mod ¢

for given non-zero integers s, ¢, ¢ such that ¢ > 1. The latter sum is classical and may be
evaluated. Let

0, ifn=0mod 2, 1, if n=1mod 4,
Op = €n =

1 ifn=1mod?2, 7, ifn =3 mod4.
The following result is recorded in [BB12, Lemma 3], but goes back to Gauss.

Lemma 6.3.2. Suppose that (s,q) = 1. Then,

e/ (2) e (-22) if  is odd,
G(5:8:0) = 236,/ (2) ¢ (-5L) if ¢ = 2, with v odd,

v

o

L+ (1 =d)va(de (L) ifla

Our analysis of S;(c) now differs according to the 2-adic valuation of ¢. In each case,
we shall be led to an appearance of the Kloosterman sum (3.10).

Suppose first that ¢ = 1 mod 2. By substituting Lemma 6.3.2 into (6.32), we directly
obtain

Sq(e) =¢* Y eq(—4aN' —Talc|3) = ¢*S(N', | el3; a),

a mod g

since S(A,tB;q) = S(tA, B;q) forany t € (Z/qZ)*.
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If ¢ = 2 mod 4, then we write ¢ = 2v, for odd v. This time, we obtain

* —_
Sfl(c) = 24561820364”2 Z €Q(_4GN/)€U(_SGHCHS)

a mod g
= 45C1C26364Q2S(N/a ||c||%/4; v)

= 4501620304‘125(2N/a ||C||%/2§ q),

since 4 | ||c||3, when all the ¢; are odd.

If ¢ = 0 mod 4, it follows from Lemma 6.3.2 that

Sa(e) = =4(1=dc,) . (1=8e)a* D eq(—4aN")esy(~alle]3).

a mod q

Thus, in this case, we find that

0 if2te,
Sqle) =

—4¢*S(N,||d||%3;q) if c =2c for ¢ € Z*.

6.3.2 Oscillatory Integrals

Recall the definition (6.30) of I;(c), in which w is given by (6.27). We make the change
of variables z = v/Nz' and &’ = £ + ez. This leads to the expression

q x 2_1
I,(c) :NZ/]RALw(a:’)h(Q,”[QQ) 6\/%(—6'213/)(&]3/

—eivey (-c€) [ unlllu (22 ) 0 (5 1) ey (e za

where y(z) = 2¢ - 2z + ¢||z||3. Let 7 = ¢/Q and v = r~!c. Then, we have

I,(c) = ' Ne,(—€ e €)1} (v), (6.33)

where

;) = [ wnlllelun (22 “3) h ( y("")) o(~v- ) da. (6:39)

In particular, we have I} (v) = O(e/r), since h(r,y) < r~! and the region of integration
has measure O(e). Due to the change of variable, it will come in handy to define some
new notation. For a vector b € R*, we define Ei by IA)Z- = b-e;, where e; is a fixed

~

orthonormal basis with e; = €. Thus, we have b = Z?Zl b;e;.
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6.3.3 Easy Estimates

Our attention now shifts to analysing I;* (v)forr < land v € R4, Let = € R4 such that
wo(|||2)wo(2€ - @/€) # 0. Then,

y(@) _ 2%zt clol _
€ €

2.

Put v(t) = wo(t/6). Then, v(y(x)/€) > 1 whenever wo(||z||2)wo(2€ - x/€) # 0. We may

)= [ w@s (") o0 de

r

Nnow write

where f(y) = v(y)rh(r,y) and

wo (||l |2)wo (2§ - x/€)
v(y(z)/e) ‘

Let p(t) = F[f](t) be the Fourier transform of f. Then, the proof of [HBg6, Lemma 17]

w3(x) = (6.35)

shows that
p(t) < r(rft))~, (6.36)

for any j > 0. We may therefore write

Iw) =1 /R p(t) /R ws(e)e (ty("”) —v~a:> da dt. 6.37)

r €

Building on this, we proceed by establishing the following result.

Lemma 6.3.3. Let ¢ € Z*, with ¢ # 0. Then,

O N2

I(e) <; min {[&] 7, (eleal) 7}

i=1,2,3

forany j > 0.

This result corresponds to [Sari5a, Lemma 6.1]. Since max; |&;| > ||c||2, it follows that

65 N2

Iy(e) < (ellell2) 7,

for any j > 0. In this way, for any § > 0, Lemma 6.3.3 implies that there is a negli-
gible contribution to (6.29) from c such that either of the inequalities ||c[2 > N°/¢
or max;—123{|&],€/é4]} > N? hold. Thus, in (6.29), the summation over ¢ can hence-
forth be restricted to the set C, which is defined to be the set of ¢ € Z* for which
max;—123 {|&/, €|és]} < N?O. It follows from [Sari5a, Lemma 6.3] that #C = 0(6_1N46).
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Proof of Lemma 6.3.3. We make the change of variables x = Zle u;e; in (6.37). Let v =

Z?Zl 0;e;, where 0; = v - e;. Then, on recalling (6.35), we find that

IX(v) = i/}Rp(t)/]Rllwg <Zuiei>e<w—u-ﬁ> du dt

1 wo ([|ul|2 U)0<2U4/€)6 o)) du
= e [ e (F(u) dudr,

1 v((2ug + €||ul3)/

where F(u) = £ {2us + €||u||3} — u - 9. We have

OF (u) 2tu; — 04 if1<i<3,
8’&1'

2uy— s+ 2 ifi =4

The proof of the lemma now follows from repeated integration by parts in conjunction
with (6.36), much as in the proof of [HBg6, Lemma 19]. Thus, when i € {1, 2, 3}, integra-
tion by parts with respect to u; readily yields

I*(v) < ; {rloa"™7 + e} < er o,
for any j > 0, since r < 1. Likewise, integrating by parts with respect to u4, we get
17 (0) <5 S {r{eloal) T+ 1 (elinl) T} <5 e eloal)

The statement of the lemma follows on recalling (6.33) and the fact that ¢ = rv, with

r=q/Q. O

6.3.4 Stationary Phase

The following stationary phase result will prove vital in our more demanding analysis

of I,(c) in the next section.

Lemma 6.3.4. Let ¢ be a Schwartz function on R™ and let N > 0. Then,

N
/ eM=IEg(x)da =25 D" ajA T + Op y <|)‘|_%_N_1||¢||2N+3+n,1) ,

Jj=0

where || - ||x,1 denotes the Sobolev norm on L*(R™) of order k and

0 = ()15 (5%u) (0).
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Proof. We follow the argument in Stein [Steg3, §VIIL.5.1]. By using the Fourier transform,

we can write the integral as

(%)

Next, we split off the first N terms in a Taylor expansion around 0, finding that

w3

/ e~ IEI3/A F ] (€) de. (6.39)

N . 2 2 y
—in2€]3 (=i |I€]l2/ )
e lENR/A = Z i 2 + Ry ().
j=0
The main term now comes from integration by parts and Fourier inversion. We are left
to deal with the integral involving Ry (&). We have

N+1
HEII%)
)

6.
B (6.39)

Ry(§) <n (

which follows from Taylor expansion when [|£||3 < |)| and trivially otherwise. Moreover,

Flo1(€) = 0a (I€lz*1601a1) - (6.40)

for any A > 0. We split up the remaining integral into two parts: ||£||2 < 1 and ||£][2 > 1.
For the first part, we use (6.39) and (6.40) with A = 2N 41 4 n. Recalling the additional

factor A\~ 2 from (6.38), we get an error term of size

Onv (IAF N ¢llans1na)

For the second part, we use (6.39) and (6.40), but this time with A = 2N 4 3 4 n.
This leads to the same overall error term, but with the factor ||¢|2n+14n,1 replaced by

0ll2n+3+n,1- O

6.3.5 Hard Estimates

Having shown how to truncate the sum over c in (6.29), we now return to (6.33) for
¢ € C and see what more can be said about the integral I (v) in (6.34), with r = ¢/Q
and v = r~!e. Our result relies on an asymptotic expansion of I(v), but the form it
takes depends on the size of €|0y].

It will be convenient to set a = (91, 92, 93), in what follows. To begin with, we make

the change of variables = Ele u;e; in (6.34). This leads to the expression

QU4

o) = [ unllull)oo(2un /o (n 2 4 ul ) () du
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where 9; = v - e; for 1 < i < 4. We now write y = 2u4 /e + ||u||%, under which we have

Uy = 1( 1+\/1+62{y—u1—u2—u3}) (6.41)

Thus,
I} (v) = /Rh(hy)e <—€®24y> T(y)dy, (6.42)

where

du1 dUQdU3

T(y)=e <€U24y> /]R3 wo([|wll2)wo(2us/€)e(—u - d) 2/€+2uy’

and w4 is given in terms of y, u1, ug, ug by (6.41). In particular, on writing = (u1, u2,u3),

(6.43)

we have wo (||ul|2)wo(2us/€) = ¥y (x), where 1, : R> — R is the weight function

(@) = un (27214 1+ 2y — el )

o <\/ @l + 21— y/1+ ey - mu%w) .

We note, furthermore, that the integral in T'(y) is supported on [—1,1]3. Moreover, we

(6.44)

have

2 L (e el =y e 0. )

€ €2

for any « such that ¢, () # 0. In particular, it follows that
1 €

_ € 2
S7exaa; — 3 LT OE) (6.46)
in (6.43).
Since e(z) = 1+ O(z), we invoke (6.41) and (6.45) to deduce that
R €D €D .
o) = (-G ) e (Gleli-a-a) (1 +0(0l), 647
where we recall that a = (01, 92, 03). Thus, it follows from (6.46) that
T(y) = 5 (1+0( + fetule?)) I(y), (6.48)
where
€V4
= [ w@e(Glal-a-a) do (6.49

In what follows, it will be useful to record the estimate
/ k yz 3kh(7" y)
R

Ork
for any ¢ > 0 and k € {0, 1}. This is a straightforward consequence of Lemma 5.2.3. The

‘ dy < rt, (6.50)

stage is now set to prove the following preliminary estimate for [(v) and its partial

derivative with respect to 7.
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Lemma 6.3.5. Let k € {0,1}. Then,

k:I* 1 314
T2ka TIE'U) (14 €|Dy]) N
ar max{1, (e|04])}2

Proof. Suppose first that k& = 0. An application of [HBP17, Lemmata 3.1 and 3.2] shows

that
1

max{1, (6|@4|)}% ’

since || F[1y]|l1 < 1. The desired bound now follows on substituting this into (6.42) and

I(y) <

(6.48), before using (6.50) with k = ¢ = 0 to carry out the integration over y.

Suppose next that & = 1. Then, in view of (6.42), we have

T2M _ /]Rﬂah("”ay)e (_eﬁ4y> T(y)dy

or or 2

oy ~ (6.51)
+/Rh(7’7y)6 (— 5 >T(y)dy,

where

. 6@4:(] 2 8 n duldquu;),
T(y) = 2 or VT S o
) e( 2 >/}RS wo([[ullz)wo(Zua/e)r Gre( u-9) 2/€+2uy

= (D) [ omiu- epunula)un(un/ele(-u -0

2

dulduzdu;),
2/€+2uy

The contribution from the first integral in (6.51) is satisfactory, since r < 1, on reapplying
our argument for k£ = 0 and using (6.50) with £ = 1 and ¢ = 0. Turning to the second

integral in (6.51), we recall (6.46) and (6.47). These allow us to write

T(y) = emi (1 +O( + |6@4\62)) I(y),

where
7 -~ €D
i) = [ e (Gleli-a-o)da
R3

and

— ¢

B@) = (raca+ 2 (<1 i e - 12l ) ) o)
Here, the definition of C implies that r|a| = max{|é1|, |é2],|é3]} < N° and e|éy| < N°.
Thus, the L!-norm of the Fourier transform of 12; is O(N?). Once combined with (6.50)

with £ = ¢ = 0, we apply [HBP17, Lemmata 3.1 and 3.2] to estimate (y), which con-

cludes our treatment of the case k£ = 1. O

The case £ = 0 of Lemma 6.3.5 is already implicit in Sardari’s work (see [Sarisa,

Lemma 6.2]). We shall also need the case k = 1, but it turns out that it is only effective
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63 A CIRCLE-METHOD APPROACH

when 7 is essentially of size 1. For general r, we require a pair of asymptotic expansions
for I(v), that are relevant for small and large values of €|?4], respectively. This is the

objective of the following pair of results.

Lemma 6.3.6. Let A > 0. Then,

I(0
I¥(v) = Eé) + 04 (63(1 + €|d4]) + (1 + 6]®4|)ATA) )

Proof. Our first approach is founded on the Taylor expansion

. _ebgy Az_l (—mietyy)’ + Ra(y)
2 - . A y 9

|
=

where Ra(y) <a (e|ogy|)?. Since I(y) < 1, we conclude from (6.42), (6.48) and (6.50)

that
A— 1

mem / ¥ h(r,y)1(y)dy
R

l\D\m

j=0

+ 04 (€1 + €|ta]) + e(eloa])Ar4) .

Next, we claim that

. W 1o =0,
|1y = 04 + (6:52)

0 if j > 0.
To see this, note that 3’ I(y) has uniformly bounded Sobolev norms (in terms of ¢ and )

and apply Lemma 5.2.2. The statement of the lemma is now obvious. O
Lemma 6.3.7. Assume that €|04| > 1. For each j > 0, we define

wi(y) = Aﬂiswy ((ets)'a) = 3% ((ets) (1, 0,83)),

where ), is given by (6.44). Let A > 0. Then, there exist constants k; that depend only on j

such that
I'(v) €d(2) e( Hal|§)zA: K ,/h(r y)e< Ev4y>s0 (y)dy
r (6,04)% 2604 = (564)J R , 2 ’
3
+ 0 ‘ 1 ‘ ’
ledg|2  |edy|2 T4
where

1 ifelea] > ||(61,82,83) |2,

0 otherwise.
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63 A CIRCLE-METHOD APPROACH

Proof. It will be convenient to set A = €74 in the proof of this result, recalling our hypo-
thesis that |A\| > 1. Our starting point is the expression for T'(y) in (6.48), in which I(y)
is given by (6.49). By completing the square, we may write

1) = 5 (1+oe) ¢ (-1282) 1),

N

since |A| > 1, where

I"(y) = /R Uy <a:—|— %) e (;yw\@) dx.

If ||allz > €|04], then it follows from [HB96, Lemma 10] that T'(y) <4 €|A|~4, for
any A > 0. Alternatively, if ||a|l2 < €|04], which is equivalent to d(¢) = 1, then all the
hypotheses of Lemma 6.3.4 are met. Thus, for any A > 0, there exist constants k; that
depend only on j such that

A LA -1q
I*(y) _ 1 Z k‘JA]Rsiﬁy'(A ) +OA <1> )

= E 2. X

Hence, we conclude from (6.48) that

N A g AT -1 3

ed(e) ( |0/||%) kJAR3¢y()‘ a) € €

T(y) = el — E . +0 +— .
) 2\ 2\ =0 N ! Az A

We now wish to substitute this into our expression (6.42) for I;(v). In order to control
the contribution from the error term, we apply (6.50) with ¢ = 0. We therefore arrive at

the statement of the lemma on redefining k; to be k; /2. O

It remains to consider the integral
€Dy
Jja(c) = /IRh(T,y) € <—2> 0 (y)dy

= /IRh (gy> e (—eé;ZQ> ©;(y)dy,

for j > 0. Recollecting (6.44), all we shall need to know about ¢; is that it is a smooth

(6.53)

compactly supported function with bounded derivatives, and that it does not depend on
q. (Note that we may assume that |(é1,é2,83)| < €|é4] in what follows, since otherwise

3(2) = 0.)

Lemma 6.3.8. Let ¢ € Cand k € {0,1}. Then,

kakjj,%(C)

aqk < N,
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63 A CIRCLE-METHOD APPROACH

Proof. When k = 0, the result follows immediately from (6.50). Suppose next that & = 1.
Then, (6.53) implies that

&]Jq oh (r,y) eCyQ '
94 Q/ < 2 )“"’(y)dy

7TZ€C4yQ €CayQ
—|-/ h(r,y)e <— ) (y)d
e ) 2 ) PIW)

= J1+J2)

say. It follows from (6.50) that J; <; Q~'r~! = ¢~1, which is satisfactory. Next, a further
application of (6.50) yields

€|C4|Q 6164162 N

/|hry>|dy<<j re

forceC. O

J2 <<]

)

6.3.6 Putting everything together

It is now time to return to (6.29), in order to conclude the proof of Theorem 6.3.1.

6.3.7 The Main Term

We begin by dealing with the main contribution, which comes from the term ¢ = 0.

Denoting this by M (w), we see that

(w) Q2 D a754(0)1,(0) + 04(Q7), (6.54)

9<Q

for any A > 0.
In view of (6.44), Yo (x) is equal to

wo <252(—1 +4/1— 62Hx\§)> wo <\/ku§ +e2(1—4/1— 62”53\@)2> .

As in (6.45), when ¢o(x) # 0 we must have

22 (1 1o 62|m||%) — 2]+ 0(),

3 +e72(1 = /1= [lz]3)* = [[z[l3 + O(e?).

In particular, it is clear that
Oco = / ¢O(m>dm > 1a (655)
R3

for an absolute implied constant. We now establish the following result.
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63 A CIRCLE-METHOD APPROACH

Lemma 6.3.9. We have
1,(0) = 3" N?000 (14 O(e) + 04 ((0/Q)%)) .
for any A > 0, where o, is given by (6.55).

Proof. Returning to (6.33), it follows from (6.42) and (6.43) that

1(0) = &N [ h(ry) K ()dy,

R

where

duldquu;;
K(y) = 9 aurduzdus
(y) /]R3 wo ([|wl|2)wo(2us/€) YPESTR

and uy is given in terms of y, u1, uz, uz by (6.41). By using (6.46), we may write

Ky) =5 (1+0(@) K* (), with K*(y) = | wy(w)dz

From (6.55), we see that K*(0) = 0. This together with Lemma 5.2.2 yields

/R h(r,y) K (y)dy = 0o + Oa(r?),

for any A > 0, since the Sobolev norms are uniformly bounded again (in terms of €). We

therefore deduce that
I,(0) = %65]\[2000 (1+ O(é%) + OA(T’A)) ,
which completes the proof of the lemma. O

Now, it is clear from Section 6.3.1 that ¢~*|S,(c)| < 4¢72|S(m, n; q)|, for any vector c €
Z*, where (m,n) is (N, ||&]|3/4), (N/2,|e||3/2) or (N/4,|¢||3) depending on whether
4| ¢, g =2mod4 or 21 g, respectively. Hence, it follows from (6.31), together with the

standard estimate for the divisor function, that

Y Se)l < Y aS(mnig) < W) Yy VD 4. N

3/2
t/2<q<t t/2<q<t t/2<q<t (6.56)

< 4~ 1/2+0(1 )N0(1)7
for any ¢ > 1. Returning to (6.54), we may now conclude from Lemma 6.3.9 and (6.56)
with ¢ = 0, that the contribution to M (w) from ¢ < Q' is

1

— o5 X S 0)1,(0)+ 0@
q<Q—?
SN2 TA2+6/2
= or =@ +0 () Foa@ )
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63 A CIRCLE-METHOD APPROACH

where

&(t) => g *5(0).

q<t
This sum is absolutely convergent and satisfies G(t) = & + O(t~ /2T No(1)) by (6.56).
Here, in the usual way, & is the Hardy-Littlewood product of local densities recorded
in (6.28).
Next, on invoking (6.56), once more, the contribution from ¢ > Q' is

SN2 4 _A 65]\]2+6/2Q§/2
g o IS0+ < S

q>Q1—6

Hence, we have established the following result, on recalling that ) = ev'N, which

shows that the main term is satisfactory for Theorem 6.3.1.

Lemma 6.3.10. We have

3
Nos 5.3
M(w) = # +0 (65N1+o(1) + 63N3+o(1)> '

6.3.8 The Error Term

It remains to analyse the contribution F(w), say, to X(w) from vectors ¢ # 0 in (6.29).
According to our work in Section 6.3.1 the value of S, (c) differs according to the residue

class of ¢ modulo 4. We have

i mod 4

where FE;(w) denotes the contribution from ¢ = i mod 4. Recall the definition of C from
after the statement of Lemma 6.3.3. In order to unify our treatment of the four cases, we
write C; = C2 = C and we denote by C; (resp. Cy) the set of ¢ € C for which 2t ¢;...¢4

(resp. 2 | c). It will also be convenient to set

(m1,n1) = (ms,ng) = (N/4,|c|3),

(m2,n2) = (N/2,||c|3/2),  (ma,na) = (N, |€l[3/4).

In particular, m;n; = N||&||3/4 > 0 for 1 < i < 4, since ||c||2 = ||&]]2.
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Let 1 < R < Q. We denote by E;(w, R) the overall contribution to E;(w) from ¢ ~ R.
(We write ¢ ~ R to denote ¢ € (R/2, R].) On recalling (6.33), it follows from our work
so far that

1 _
Ei(w,R) < 7 > > g 2S(mi,ni; q) I (c)
CECZ' q~R
c#0 |g=i mod 4 (6 57)

4 n72
e*N 3 - .
< Dol Y aPSminig)e (eI (v)].
¢#0 |q=i mod 4

Contribution from large q

Suppose first that R > Q'~", for some small > 0. (The choice n = 24 is satisfactory.)

We have
2/min;
er(—ele-€) =e <mna> ,
q
with
1A Q q |é4|
ol =€ “|éa| - — - =—<1
ol = e s — Tels
It now follows from Conjecture 4.0.2 that
L= Y S(m“"”‘”e( vImin a> < (¢N)°W, (6.58)
<t q q
g<
q=i mod 4

Applying partial summation, based on Lemma 6.3.5, we deduce that

5 \2+0+o(1) 2 1
Ei(va)<€73'%‘Z 3
@ RE 22 max{1, €|é4|Q/ R}>
c#0
SN2Hto(1) 1R
STor Q
A N2+H+0(1)

Since R > Q'7", we deduce that
64N2+6+O(1)Qn
Q3

This is satisfactory for Theorem 6.3.1, provided that n and ¢ are small enough.

Ei(w,R) < < eN3 o)+
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Contribution from small q and small €|04]

For the rest of the proof we suppose that R < Q'~". Let us put

b= (61762763)7

so that @ = 7~ 'b in Lemmata 6.3.6 and 6.3.7. Let plemall (w, R) denote the contribution

to E;(w, R) from ¢ € C; such that

R1+5
€léa] <

(6.59)

In this case, it is advantageous to apply Lemma 6.3.6 to evaluate I;(v). To begin with,
we consider the effect of substituting the main term from Lemma 6.3.6. Noting that
(ed4)"ta = (e¢4) b does not depend on ¢, we deduce from (6.49) that the only depend-

ence on ¢ in I(y) comes through the term

€04 €Ca
(Gleli-a-e) = (Flalt-b-2).

in the integrand. Thus, the main term in Lemma 6.3.6 makes the overall contribution

65N2 S m;, ;5 q _
< N > > %M—e e €)1(0) (6.60)
ceC; q~R q
c#0 q=i mod 4
(6.59) holds

to E;smau)(w, R), where we recall from (6.49) that

€Cy

1(0) :/ wg(w)er< 5 HwH%—baz) dz.
R3
If ¢ # 0 and |&4| < %5 then
1613 = llel3 — & = llell3 — &1 > 1.

It therefore follows from [HBP17, Lemmata 3.1 and 3.2] that

A
1(0) <a <||byq2Q> <4 QM

since ¢ < @'~ in this case. The overall contribution to (6.60) from vectors ¢ such that
|é4] < ﬁ is therefore seen to be satisfactory.
On interchanging the sum and the integral, we are left with the contribution

e N?
< > /[_11]3\Mi(m)ydx, (6.61)

ceC;
|é4]> 1#30
(6.59) holds
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where
S(mi,nis q _ €€y
Miw) = Y HE e, (2||w|r§—b~w .
q~R q
q=i mod 4
But
C 2/m;n;
er(—e_lc-ﬁ)er (624“33”% — b-:c> =e <Zmoz> ,

with

5 2
a= (—6_164 + 664”;”2 -b- :B) Q.

q 2y/min;

64 6264”$H% eb-x

el T 2liela el
But the inequality max{||b|2, |é4]} < ||&]|2, implies that |a| < 1+ O(e), since = € [—1,1]3.
Thus, it follows from combining partial summation with Conjecture 4.0.2 that M;(x) <
RN (Recall that ¢! < /N and R < Q'™" < Q.) Returning to (6.61), we conclude

that the overall contribution to E™" (w, R) from the main term in Lemma 6.3.6 is

€5N2+5 . €4N2+46R6
TQQ# {ceCi: e > ﬁ and (6.59) holds} <5 o

<5 eN3T59,

<5

This is satisfactory for Theorem 6.3.1.
It remains to study the effect of substituting the error term from Lemma 6.3.6 into
(6.57). Since r < R/Q < Q7" and €|fy] = rle|&y]| < RY, by (6.59), we see that the error

term is
<4 E(1+eltg]) + e(1 + e|tg ) <4 ER + eRAQ™M
< SR 4 eQA0,
On ensuring that § < 7, we see that the second term is an arbitrary negative power of

and so makes a satisfactory overall contribution to ES™ (w, R). In view of (6.56), the

contribution from the term €3 N? is found to be

7T N2+0 7TN2+0 6 ny2+56
e'N e'N 15 €N
<5 -HC; L5 N* = , 6.62

since R > 1. The right-hand side is ¢* N'*59, which is also satisfactory for Theorem 6.3.1,

on redefining ¢.
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Contribution from small q and large €|04]

It remains to consider the case R < Q' and

R1+5

Q

€|és] > (6.63)

Let us write ]E?i(big)(w7 R) for the overall contribution to E;(w, R) from this final case.
Our main tool is now Lemma 6.3.7. Let A > 0. We begin by considering the effect of
substituting the main term from this result into (6.57). This yields the contribution

EN? e Kyl
<oz > @)Y My,

3
ceC; j=0 (6‘64‘6’2)2_‘—]
(6.63) holds

(6.64)

where if J; 4(c) is given by (6.53), then

M, = Z S(mi,ni;Q)eT(_elc'5)6T< b H2) —+ij7q(c).

2€c
q~R 1
q=i mod 4

Our plan is to use partial summation to remove the factor VERE, Jjq(c).

First, as before, we note that

er(—e e €)e, <— ”bU%) =e <W0¢> :

2¢eCy q
where
b 2
NS LA
2€Cy Vming

9

q

_< &, b3 )
ez 2ed]elz

We have |a| <1+ O(€?), since ||b||2 < €|é4) when §(&) # 0. Applying partial summation,
based on (6.58) and Lemma 6.3.8, we deduce that

M;; = O; 5(R2TIN®),

Returning to (6.64), we conclude that the overall contribution to Eibig) (w, R) from the
main term in Lemma 6.3.7 is

A
65N2+35

QQ

1, .
R§+] 65N2+35 N36 1
LA 55— —F~ = eNzH60,

Q? €Q

> oo
j=0  c€C; (6‘64‘Q)2+]
(6.63) holds

<s,A4

This is satisfactory for Theorem 6.3.1, on redefining 4.
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We must now consider the effect of substituting the error term

63 €

<4
lebg|z  |eda)3 T4

from Lemma 6.3.7 into (6.57). Since ¢ ~ R, it follows from (6.63) that €|i4| > R?. The first
term is therefore O(e?), which makes a satisfactory overall contribution by (6.62). On the
other hand, on invoking once more the argument in (6.56), the second term makes the

overall contribution

5N2 -2 S . .
<<A€ Z Zq ‘ (mz,nz,q)l

2 A124A
e ey S
(6.63) holds
5

- SN2 <R > 24 1
A 1 - D
0 pl A |5+A

R2Q2 €Q e |C4|2

(6.63) holds

1
64N2+45R5 —Ad
Q3

This is Os(eN %+45) on assuming that A is is chosen so that A§ > 1. This is also satisfact-

<Ag

ory for Theorem 6.3.1, which thereby completes its proof.

6.4 DISCUSSION

Regarding the circle-method approach, it is rather unfortunate that the unconditional
result on the twisted Linnik-Selberg Conjecture 4.0.1 is insufficient to show
K(S3,Z,8N +4) < 2. The reason for this is that the product of the entries in the Kloost-
erman sum N||&||3/4 is rather large. In fact so large, that the |mn|%—term in Theorem
4.0.1 is by far the dominant term. This term stems from the harder Selberg range, pre-
cisely from the transition range of the J-Bessel function, for which it is hard to get
further cancellation. One way to get around this is by working with the smooth cut-off
already implicit in the circle-method approach. In this case, one might require higher
derivatives to deal with the Hankel transforms, which one may derive since the uniform
expansions used behave nicely under derivatives. One might imagine using the Laplace
or Mellin transform to treat the Hankel transforms. This leads to hypergeometric func-
tions evaluated at points close to the radius of convergence, which may generate further
problems.

Alternatively, one may think of a way to adopt the automorphic approach to generate

sums of Kloosterman sum to which one may apply the Kuznetsov trace formula. This
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seems more natural, since the automorphic approach shows that there should be no
Maass spectrum. One way to do this is by using the Petersson trace formula. This would
be inefficient since we are only interested in the size of a Fourier coefficient of a single
cusp form and not the sum of the squares over an orthonormal basis. Nevertheless, due
to their relation to the Kloosterman sums it seems that the Poincaré series must be in-

volved in such an argument. One may think of the inner product (G,, P;nﬁ %) which one

may relate to the value of L(G,, x 73;0"; ?,0). One must be careful though as to not argue
circularly. A possible approach that has transpired is to apply the Hardy—Ramanujan-
Rademacher circle method, that gives rise to an exact formula for the Fourier coefficient,
which resembles a formal Dirichlet sum corresponding to L(G,, x 73’;0";\? ?,0). This ven-

ture will be part of future research.
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APPENDIX: SPECIAL FUNCTIONS AND TRANSFORMS

A.1 WHITTAKER FUNCTION

The Whittaker function as defined as follows [WWg6, Section 16.1.2]:

1 1 (0+) k—14m
Wim(z) = — %I’ <k +tg5- m> e 275k /Oo (—t)_k_%+m (1 + Z> T et

—32,k k—3+
= e /OO h=3+m <1 + t) " etar,

In the first formula, the contour is chosen such that the point —z lies outside and the

(A.1)

formula is valid for |arg(z)| < 7, k,m € C with m — k + & ¢ IN. The second formula is
valid for |arg(z)| < 7, k,m € C with Re(m —k + ) > 0.

The Whittaker function satisfies the following recursion formula [DLMF, Eq. 13.15.11]
Wi1,m(2) + (2k = 2) Wi + ((k = 3)* = m®) Wy_1,m(2) = 0, (A.2)

and the following relation for its derivative [WWg6, Ch. 16 Ex. 3],[DLMF, Eq. 13.15.26]
Wi (2) = (3 = B)Wem(2) = Wig1m(2)- (A3)

The Whittaker function has an elementary expression in the following special case

N|=

Wit (o-1y(2) = 727", (A.4)

This can be easily seen from (A.1) using the residue theorem and is also recorded in
[DLMF, Eq. 13.18.2]. We shall further require the following integral involving the Whit-
taker function [EMOT81, Section 20.3, Eq. (30)], [DLMF, Eq. 13.23.4]

T(s+1—it)T(s+1i+it)
T(s+1—5%) ’

o 1
/ 675Wgyit(z)zsfldz = VRe(s) > | Re(it)| — 3 (A.5)
0

171



A.2 BESSEL FUNCTIONS
A.2 BESSEL FUNCTIONS

For an extensive treatment of Bessel functions we refer to [Wat44]. Here, we recollect the
basic definitions, some useful integral and series representations, and some asymptotic
behaviours. The Bessel function of the first kind is given by

1 (0+) .
Jp(2) = M / o t~ " exp (t — 2) ﬂ (A.6)

2 J_ o a ) t
The Bessel function of the second kind is given by

Jy(z) cos(vm) — J_p(2)

Y(e) = sin(v7)

: (A.7)

where for v € Z this is to be regarded as a limit. The modified Bessel function of the
first kind is given by
e_%m“Jv(ze%), —m <argz < 7T,

I,(2) = (A8)

3. 3.
e2™J,(ze72™), T <argz<m.

This defintion becomes more natural when comparing the series representations (A.10)

and (A.14). The modified Bessel function of the second kind is given by

7l y(2) = L(2)

K,(z) = , A.
(2) 2 sin(vm) (8.9
where for v € Z this is to be regarded as a limit.
We shall require some integral and series representations of Bessel functions:
[eS) _1)m (%)v+2m
v = ’ ) ) A.
Jy(2) Zm!r(v+m+1) Y,z € C (A.10)

Jp(2) = 71r/0 cos(vf — zsin(0))db — sm(mr)/o ¢~ v0==sinh(0) gg.

™

Yo,z € C,Re(z) >0, (A.11)

Jy(z) = - /Ooo sin (x cosh(&) — Zv) cosh(v€)dE,

Vo € C,—1 < Re(v) < 1,Vz € R, (A.12)
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e = - 2Oty
° Val(5—v) i (2 —1)vte
1 1
Vo € RT,Vv € C, -5 < Re(v) < o (A.13)
00 (%)v+2m
IU = ’ ) ) .
(2) %mzr(v+m+1) Y,z € C (A.14)

1 > 1 a? dt
KU(G/Z) = 2a,v/0 exp <—2Z (t“r‘ t)) W,

Va,v,z € C,Re(z) > 0,Re(a?z) >0, (A.15)

Vz,v € C,Re(v) > —%,Re(z) > 0. (A.16)

Kv(x)zl/ 25— 1p=sT s+ T 5 ds,
271 (o) 2 2

Vv € C,Vz,0 € RT,0 > |Re(v)|. (A.17)

All of the above can be found in [Wat44] with the exception of the last equation, which
follows from Mellin inversion and the Mellin transform of K, (z), which can be found
in [Iwao2, Appendix BJ.

We further also require some asymptotic expansions of Bessel functions, which can be

found in [Iwaoz, Appendix B]:

/2 1 2
Jy(z) = mcos(x—gv—Z)%—O( —|—£v| ), Vv e C,Vx € RT, (A.18)

/2 1 2
Y,(z) = msin(aj—gv—Z)—}—O( +£U| ), Vv e C,Vx € RT, (A.19)

173



A3 SPECIAL INTEGRALS

A.3 SPECIAL INTEGRALS

> LN N e r(81—|—82—1)
1 —u) (1 4 iu) " 2dy = g227s1752 2~ ~ 2= 7
[ - F(sDT(52)

Vs1,s2 € C,Re(s1),Re(s2) > 0,Re(s; +s2) > 1. (A.20)

See [GRoy, page 909 eq. 8.381.1.].

A.4 TRANSFORMS

Proposition A.4.1 (Fourier Transform). Let ¢ € C2(R",R) with ¢,¢',¢" € L*(R™). Then,

we have

o) = | Flo](§)e(x-&)dE,

R

where

is the Fourier transform.
Proof. See [IKo4, Section 4.A]. O
Proposition A.4.2 (Mellin Transform). Let ¢ € C*(R*,R) with
o(x)2* 1 ¢ (x)2®, ¢ (x)x*T € LY (RT) for a < Re(s) < 8.
Then, we have
o(z) = 2% /( Mgl
for any o €|a, B[, where
Miel(s) = [ ola)a* e, Vs € C:Re(s) o A,
is the Mellin transform.
Proof. See [IKo4, Section 4.A]. O]

Proposition A.4.3 (Kontorovitch-Lebedev Inversion). Let ¢ € C*(R],R) with ¢(0) = 0
and ¢(x), ¢ (), ¢" (x) < (x4 1)72% for some § > 0. Then, we have

o) =2 / " Ko (2)3(t) sinh () tdt,
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where

(6 = S cosh(rt) [ Kau()olo) -

x

Proof. See [KL38, KL39] and [Leb72, p. 131]. O
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